Bidirectional Type Checking for Existential
Types with Higher-Rank Polymorphism

Hasti Toossi, Ningning Xie
University of Toronto

ESOP 2026




ONUINUIAN [ xistential types 1/24

AN Vec n a

EWIIER filter :: Vn a.(a — Bool) — Vec na— Im. Vec m a
filter = Ap vec — case vec of
Nil — Nil
(:>) x xs
| px — (:>) x (filter p xs)
| otherwise — filter p xs
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pack t,e as Ja. t’
unpack e as t,x in e’

filter ::Vn a.(a — Bool) — Vec na — Im. Vec m a
filter = An a. \(p :: a — Bool) (vec :: Vec n a) —
case vec of
Nil — pack Zero, Nil as 9m. Vec m a
(:>)na(x:a)(xs: Vecna)
| p x — unpack (filter n a p xs) as n1,ysin
pack Succ n1,(:>) nl ax ys as 3m. Vec m a
| otherwise — filter n a p xs
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pack t,e as da. t’

Le]

open e

filter ::¥n a.(a — Bool) — Vec na — 3m. Vec m a
filter = An a. X(p :: a — Bool) (vec :: Vec n a) —
case vec of
Nil — pack Zero, Nil as 3m. Vec m a
(:>)na(x:a)(xs: Vecna)
| p x — let ys = filter n ap xsin
pack Succ |ys|,(:>) |ys] a x (open ys)
as dm. Vec m a
| otherwise — filter n1 a p xs
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e A declarative type system
e strong existential types
e higher-rank polymorphism

e An elaboration of the decl. system
e type soundness
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“A real implementation might use unification variables,
but we here rely on the rich body of literature [e.g.
Dunfield and Krishnaswami 2013] that allows us to
guess monotypes during type inference, knowing how to
translate this convention into an implementation using
unification variables."”
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Types BEERS
le:Ja.€]

Key Rule B8N
x:ThFe=o0o
[ x:ThFo~ye
3 fresh € =1[a/|e]x]e
N-Ax.e=7—3a.¢
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ETNIM o - \x : Int. Ay : [x]. y=Int — Ja.a— a
Hx:IntkAy:|[x].y=|x] = |x]

ETNN Let e = \x:Int. Ay : [x]. y.
ebele =7
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Instantiate Ja.a — a to
lel:Ja.a— a] — |el:Ja.a— al.
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ETNIM o - \x : Int. Ay : [x]. y=Int — Ja.a— a
Hx:IntkAy:|[x].y=|x] = |x]

ETNN Let e = \x:Int. Ay : [x]. y.
el-ele = |el:Ja.a— a|

HBelel=daa—a

Instantiate Ja.a — a to
lel:Ja.a— a] — |el:Ja.a— al.

Bele <|el:Jaa— a
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Types B

Contexts AN
3

Judgements ASESRCEESNoESIAY)
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SEIIEN o - \x:Int. Ay, y = 7?
Hx: IntkAy. y=7

e Ax:Int. Ay. y =7
Hx:IntkEAy.y=7




ALGORITHMIC

Example

Declarative vs. Algorithmic Inference

e Ax:Int. \y.y=Int—-2—3-3
Hx:Intk)ly.y=a—2a-3

e Ax:Int. Ay.y =7
Hx:IntkEAy.y=7—>7

13/ 24
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SEIEl o \x:Int. \y. y = Int -3 313
Hx:Intk)ly.y=a—2a-3

e Ax:Int. Ay.y =7
Hx:IntkEAy.y=7—>7

o Ax:Int. A\y. y = Int — Int — Int
Hx:IntkAy. y=Int — Int

e Ax:Int. A\y. y = Int — (Int — Int) — (Int — Int)
x:IntE Ay. y = (Int = Int) — (Int — Int)
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SRR If the algorithmic system infers type o’ for e,
the declarative system can infer any solution o of o',

(@I SENESYM |f the declarative system can infer type o for e,
the algorithmic system infers o’ such that
o is a solution of o’.
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SEIEl o \x:Int. \y. y = Int -3 313
Hx:Intk)ly.y=a—2a-3

e Ax:Int. Ay.y =7
Hx:IntkEAy.y=7—>7

o Ax:Int. A\y. y = Int — Int — Int
Hx:IntkAy. y=Int — Int

e Ax:Int. A\y. y = Int — (Int — Int) — (Int — Int)
x:IntE Ay. y = (Int = Int) — (Int — Int)

e Ax:Int. \y. y = Int > Ja.a— a
Hx:IntkAy. y=[x] = [x]
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Types Is o’ a solution of o7
Int — Int — Int

Int — Int — Int yes
Int > da.a— a

Int - da.a— a yes
Int = Int — Int

Int—32— 2 yes
Int = (Int — a) — (Int — a)

Int — 3 — 3 yes
Int - da.a— a o
Int -3 — 2

Int - daa—a—a

Int— 3b.b— 53 ne
da.a—Int—dbb— b
Jaa—Int—>b—b no
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SOININISN If the algorithmic system infers type o/ for e,
the declarative system can infer any solution o of .

(@IS |f the declarative system can infer type o for e,
the algorithmic system infers o’ compatible with o.
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Table Types solution | compatible
Int — Int — Int s -
Int — Int — Int y Y
Int -+ da.a— a s -
Int - da.a— a y 4
Int — Int — Int
I P yes yes
nt—a—a
Int = (Int — a) — (Int — a)
| N . yes yes
nt—a—a
Int -+ da.a— a o o
Int—+3— 2 y
Int - da.a—a—a o o
Int —3bb—3—3 y
da.a—Int—db.b— b o -
Jaa—>Int—b—b y
le:Ja.a— Int — Jb.b— b

A A no no
le:Ja.a— Int - b— b|
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Table Types solution | compatible
Int — Int — Int
Int = Int — Int yes yes
Int - da.a— a
Int - da.a— a yes yes
Int = Int — Int
Int — 3 — 3 yes yes
Int = (Int — a) — (Int — a)
Int -3 — 3 yes yes
In - a
Int -3 — 3 ne yes
M
Int — 3b.b—5— 3 ne yes
da.a b— b
2.a—Int—b—b no yes
le:Ja.a Ib.b — b| o o
€:daa—Int—>b— b
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Predicate

Key Rule

Completeness

Restricted Inference 20 / 24

ming(l e = o) 2V . T e = o = |3(a)| < |3(c)|

D-I-ABS1
x:TFe=10
N x:ThHo~ye
3 fresh € =1[a/|ex]e
ming(l = Ax. e = 7 — J3.¢)

NEXx.e=; 7 —3a¢

If the restricted declarative system (1) can infer o for e,
the algorithmic system infers o’ such that
o is a solution of o’.
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Table Types solution | compatible

Int = Int — Int

Int — Int — Int yes yes
Int - da.a— a

Int - da.a— a yes yes
Int — Int — Int

Int — 4 3 yes yes
Int = (Int — a) — (Int — a)

Int—232— 3 yes yes
Int - da.a— a

Int -2 — 2 ne yes
Int -da.a—a—a

Int — 3bb—3—3 no yes

da.a—Int—dbb—b

Jaa—Int—b—b no yes
le:Ja.a 3b.b — b| o o
€:daa—Int—>b—b
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MEEWE mins(MT-e = 0) £Vo' . [Fe= o = |3(o)| < |3()]

CCANIEN D-1-App2

Fe=20 D-C-SUB2
ming(l' - e = o) lFe=s0
lEe:o~ o1 — 09 ming(l - e = o)
e <501 [Fe:o<ip
[Fee =2 09 lFe<2p

(@Il SHIEES | the restricted declarative system (2) can infer o for e,
the algorithmic system infers type o’ compatible with o.
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Abstract. This paper presents a new type system that combines strong
existential types, higher-rank polymorphism, and polymorphic subtyp-
ing. We begin by presenting a declarative type system, and contributing
several metatheoretic results. We then detail an algorithmic type infer-
ence system featuring bidirectional type checking. We prove that the al-
gorithm is sound. Moreover, we propose two design variants of the declar-
ative system with respect to which the algorithmic system is complete.
This work can serve as a basis for further studies on strong existentials,
their corresponding type inference algorithms, and their combinations
with higher-rank polymorphism and subtyping.
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