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Overview Existential types 1 / 24

Types Vec n a

Example filter :: ∀n a. (a → Bool) → Vec n a → ∃m.Vec m a
filter = λp vec → case vec of

Nil → Nil
(:>) x xs

| p x → (:>) x (filter p xs)
| otherwise → filter p xs
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Types pack t, e as ∃a. t’
unpack e as t, x in e’

Example filter :: ∀n a. (a → Bool) → Vec n a → ∃m.Vec m a
filter = Λn a. λ(p :: a → Bool) (vec :: Vec n a) →

case vec of
Nil → pack Zero,Nil as ∃m.Vec m a
(:>) n a (x :: a) (xs :: Vec n a)

| p x → unpack (filter n a p xs) as n1 , ys in
pack Succ n1 , (:>) n1 a x ys as ∃m.Vec m a

| otherwise → filter n a p xs
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Types pack t, e as ∃a. t’
⌊e⌋

Expressions open e

Example filter :: ∀n a. (a → Bool) → Vec n a → ∃m.Vec m a
filter = Λn a. λ(p :: a → Bool) (vec :: Vec n a) →

case vec of
Nil → pack Zero,Nil as ∃m.Vec m a
(:>) n a (x :: a) (xs :: Vec n a)

| p x → let ys = filter n a p xs in
pack Succ ⌊ys⌋, (:>) ⌊ys⌋ a x (open ys)

as ∃m.Vec m a
| otherwise → filter n1 a p xs



Overview Existential types 4 / 24

Types Vec n a

Example filter :: ∀n a. (a → Bool) → Vec n a → ∃m.Vec m a
filter = λp vec → case vec of

Nil → Nil
(:>) x xs

| p x → (:>) x (filter p xs)
| otherwise → filter p xs



Overview Prior Work 5 / 24

EDWL
ICFP 2021

Quote “A real implementation might use unification variables,
but we here rely on the rich body of literature [e.g.
Dunfield and Krishnaswami 2013] that allows us to
guess monotypes during type inference, knowing how to
translate this convention into an implementation using
unification variables.”
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EDWL • A declarative type system

• strong existential types
• higher-rank polymorphism

• An elaboration of the decl. system

• type soundness

• Haskell implementation
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This Work • A declarative type system

• strong existential types
• higher-rank polymorphism
• subtyping

• An algorithmic type system

• unification and promotion
• sound but incomplete w.r.t. the decl. system
• complete w.r.t. 2 fragments of the decl. system
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• Haskell implementation
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Types ∃ a.ϵ
⌊e : ∃ a.ϵ⌋

Key Rule d-i-Abs
Γ, x : τ ⊢ e ⇒ σ
Γ, x : τ ⊢ σ ⇝∀ ϵ

a fresh ϵ′ = [a/⌊ϵ⌋x ]ϵ
Γ ⊢ λx . e ⇒ τ → ∃ a.ϵ′
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Example • ⊢ λx : Int. λy : ⌊x⌋. y ⇒ ?

1 x : Int ⊢ λy : ⌊x⌋. y ⇒ ⌊x⌋ → ⌊x⌋

Example Let e = λx : Int. λy : ⌊x⌋. y .
• ⊢ e 1 e ′ ⇒

1 • ⊢ e 1 ⇒ ∃ a.a → a

2 Instantiate ∃ a.a → a to
⌊e 1 : ∃ a.a → a⌋ → ⌊e 1 : ∃ a.a → a⌋.

3 • ⊢ e ′ ⇐ ⌊e 1 : ∃ a.a → a⌋
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DK
ICFP 2013
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Types â

Contexts ∆, â
∆, â = τ

Judgements ∆1 ⊢ e ⇒ σ ⊣ ∆2
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Soundness If the algorithmic system infers type σ′ for e,
the declarative system can infer any solution σ of σ′.

Completeness? If the declarative system can infer type σ for e,
the algorithmic system infers σ′ such that
σ is a solution of σ′.
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Table Types Is σ′ a solution of σ?
Int → Int → Int
Int → Int → Int

yes

Int → ∃ a.a → a
Int → ∃ a.a → a

yes

Int → Int → Int
Int → â → â

yes

Int → (Int → a) → (Int → a)
Int → â → â

yes

Int → ∃ a.a → a
Int → â → â

no

Int → ∃ a.a → a → a
Int → ∃ b.b → â → â

no

∃ a.a → Int → ∃ b.b → b
∃ a.a → Int → b̂ → b̂

no
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Table Types solution compatible
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yes yes

Int → ∃ a.a → a
Int → â → â
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Int → ∃ a.a → a → a
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Table Types solution compatible
Int → Int → Int
Int → Int → Int

yes yes
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Int → ∃ a.a → a
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Predicate min∃(Γ ⊢ e ⇒ σ) ≜ ∀σ′. Γ ⊢ e ⇒ σ′ =⇒ |∃(σ)| ≤ |∃(σ′)|

Key Rule d-i-Abs1
Γ, x : τ ⊢ e ⇒1 σ
Γ, x : τ ⊢ σ ⇝∀ ϵ

a fresh ϵ′ = [a/⌊ϵ⌋x ]ϵ
min∃(Γ ⊢ λx . e ⇒ τ → ∃ a.ϵ′)

Γ ⊢ λx . e ⇒1 τ → ∃ a.ϵ′

Completeness If the restricted declarative system (1) can infer σ for e,
the algorithmic system infers σ′ such that
σ is a solution of σ′.
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Table Types solution compatible
Int → Int → Int
Int → Int → Int

yes yes

Int → ∃ a.a → a
Int → ∃ a.a → a

yes yes

Int → Int → Int
Int → â → â

yes yes

Int → (Int → a) → (Int → a)
Int → â → â

yes yes

Int → ∃ a.a → a
Int → â → â

no yes

Int → ∃ a.a → a → a
Int → ∃ b.b → â → â

no yes

∃ a.a → Int → ∃ b.b → b
∃ a.a → Int → b̂ → b̂

no yes

(((((((((((((hhhhhhhhhhhhh
⌊e : ∃ a.a → Int → ∃ b.b → b⌋
⌊e : ∃ a.a → Int → b̂ → b̂⌋ no no
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Predicate min∃(Γ ⊢ e ⇒ σ) ≜ ∀σ′. Γ ⊢ e ⇒ σ′ =⇒ |∃(σ)| ≤ |∃(σ′)|

Key Rule d-i-App2
Γ ⊢ e ⇒2 σ

min∃(Γ ⊢ e ⇒ σ)
Γ ⊢ e : σ ⇝ σ1 → σ2

Γ ⊢ e1 ⇐2 σ1

Γ ⊢ e e1 ⇒2 σ2

d-c-Sub2
Γ ⊢ e ⇒2 σ

min∃(Γ ⊢ e ⇒ σ)
Γ ⊢ e : σ <: ρ

Γ ⊢ e ⇐2 ρ

Completeness If the restricted declarative system (2) can infer σ for e,
the algorithmic system infers type σ′ compatible with σ.
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