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A The Declarative System

€| Va.o
p|3be

T|op— o9

universally quantified type o :
existentially quantified type €
top-level monomorphic type p :=

monomorphic type T:=al|lnt|m = 7ml|le:Tae
expr e:=nlz|Xz.e|dz:0.e|ees|(e:0)
context I'=el|z:0|a|l1,...ITy
(Context Well-Formedness)
E D-CWF-VAR D-CWF-TVAR
D-OWi-BMPTY I'to z & dom (I) I a ¢ dom (I")
Fe Flx:o FIa
GHt (Type Well-Formedness)
D-WF-INT D-WF-VAR D-WF-PROJ
I I acl I'+3a.e fv(e) C dom (I")
' Int I'ka I'tle:Jae|
D-WF-ARR D-WF-EXISTS D-WF-FORALL
'k o 'k oo Iake Iato
I'top — o9 I'H3Jda.e I'HVa.o
(Inferenece)
D-1-INT D-1I-VAR
I I x:o0 €l
I'Fn=Int I'Fz=o0

D-1-ABS

Nz:the=o a fresh e =1[a/le]s)e

rz:ThHo~ye

T'FXx.e=7—3a.¢
D-I-ABSA
INz:o1Fe=o0o

Nz:oybo~ye afresh € =[a/le])e ftv(o) =2
I'FXz:01.e= o0 — 3a.€
D-I-APP
I'Fe=o I'Fe:o~ 01— 09 I'kel <o
I'Feel = oy
D-I-ANN

I'Fe<o I'o ftv (o) = @

I'kt(e:o)=o0
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(Checking)

D-C-SUB D-C-ABS

I'Fe=o I'Fe:o<:ip INz:01Fe<=oo
I'Fe<p I'EAXzx.e<=o01 — 09

D-C-ABSA

Nx:oikx:o <o) Nz:ojke<soy ftv(o]) =2

I'kXz:ol.e =01 — 09

D-C-EXIsTS D-C-FORALL
I'te < [1/ble Irtr INate<o
I'Fe<«<=db.e I'Fe<VYa.o
I'te:o~ o1 — 09 ‘ (Instantiation)
D-INST-REFL D-INST-EXISTS
I I'te:[le:Jae|/ale ~ o1 — 02
I'Fe:op — 09~ 01 = 09 I'Fe:Fa.e~ o1 — 0o

D-INST-FORALL
I'te:[r/a)o ~ o1 — 09 rr

I'te:Va.o~ o1 — 09

(Instantiation)

D-INSTF-REFL D-INSTF-FORALL
I I't[1/a)o ~v e rer
I'ke~sye I'EVYa.o ~ye
I'kFe:op <:og (Subtyping)
D-S-INT D-S-VAR D-s-ProyJ
FI F a € dom (I") I'tle:3Ja.€]
I'ke:lInt<:Int I'kte:a<:a I'te:le:Fae] <:|e:Tael
D-s-ARR
Fz:oibFz:0] <oy Iz:olFex:oy <o)
I'te:oy — 09 <:0] — 0
D-s-ExisTsL D-s-ExisTsR
I'ke:lle:Ja.er]/aler <:e I'ke:p<:[r/ale 'r
I'Fe:Jae <:e I'Fe:p<:Ja.e
D-S-FORALLL D-s-FORrRALLR
I'kte:[r/alo<:e 't IakFe:o) <:og
I'Fe:Vao <:e I'te:o1 <:Va.oo

Definition A.1. |e], = {|le:Ta.€]| | (le:Ta.€'| is a sub-expression of €) A
(z is a free variable of €)}
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B Meta Theory of the Declarative System

Referenced | Related
Lemma,/ Theorem Paper Lemma/Thm.
Lemma [B.1{ (Type Substitution) DK C.13
Lemma [B.2] (Substitution) DK C.3
Theorem [B.3| (Checking Subsumes Inference) EDWL B.3
Theorem [B.4] (Subtyping Subsumes Instantiation) -
Theorem [B.5[ (Order of Quantification Does Not| EDWL B.4
Matter)
Lemma (Occurrence) DK A8
Lemma (Monotype Equality) DK A9
Lemma (Reflexivity of Subtyping) DK A2
Lemma (Transitivity of Subtyping (Limited)) |- -
Lemma (Subtyping  Subsumes Simple|- -
Subtyping
Lemma IB—%‘ (Transitivity of Simple Subtyping) DK A6
B.1 Typing
Lemma B.1 (Type Substitution). Assume I'1 F 7.
a) If I, a, I3+ o, then I, [T/ally F [T / lo.
b) If I',a,Ix Fe= o, then I, [T/a]l2 F [T / le = [r/a]o.
c) If I,a,InFe<o, then I, [7/a]lo F [T / le < [7/a]o.
d) If In,a,Is Fe:o~p, then I, [T/a]ll» F [T/a]e [7/a ]Jw [T/a]p.
e) If I,a,Iv Fe: o1 <:og, then I, [T/allx e : [7/aloy <:[7/aloz.

Proof. By induction on the given derivation.

— Rules [D-WF-INT| [ D-I-INT| [ D-INST-REFL] [ D-INSTF-REFL}, [ D-S-INT] and |

Straightforward.

— Rules [D-wF-PROJ| [ D-WF-ARR]| | D-I-APP| | D-I-ANN| [ D-C-SUB| [ D-C-ABS|

[D-C-ABSA] [ D-INST-FORALL}, [ D-INSTF-FORALL)], [ D-C-FORALL}, and

Apply the induction hypothesis.

— Rule
FI1v,a,1% beFl,a,Fg
Fl,a,Fgl_b
If b = a, then [r/a]b = 7. We know I} F 7 by assumption, therefore
Fl,[T/a]FQFT.
If b # a, then [7/a]b = b since fv (b) C I'y. Then b € I7,[r/a]ly, therefore
I, [r/all - [r/a]b by rule D-WF-VAR]
— Rule
Fl,a,FQ,bFe
Fl,a,Fgl—Eb.e
I, [r/a]ly,[r/a]b = [7/a]e
Fla[T/a]F%b'_[T/a]
I, [r/ally = [7/a](3b.€)

i.h.
b#a

Rule
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— Rule D-WE-FFORALI} Similar to rule D-=WF-EXISTS|

— Rule B-I-VAR}
FFl,a,FQ x:crEFl,a,Fg

I,a,IvsFrx=o0

Since z: 0 € I, a,Is, we have either x : 0 € I} or z:0 € Iy. Note that
[t/alz = z.
If x:0 € I, then [7/a]o = o since fv (o) C I. Then z:[7/alo € I, [r/a]l3,
therefore I, [r/all% & [r/alz = [r/a]o by rule p-1-VAR]
If x:0 € Iy, then z: [7/alo € I',[r/a]l% by the definition of substitution,
therefore I, [7/a]l% - [7/a]z = [r/a]o by rule [D-I-VAR]

— Rule D-=ABS

IN,a,In,z:7'Fe=o0
INya,Ib,z:7"Fo~yve afresh € =la/le.e
I,a,IbFXz. e= 7 — 3a.¢

Note that 7 does not refer to z since I'y 7.

I, [t/alls,[t/alx : 7' F [7/ale = [7/alo i.h.
Fl,[T/a]FQ7[T/a]£UZTI|—[T/a]o’wv [T/G]E i.h.
[a/|[r/ale]][T/ale = [T/a]a/|€].]e = [T/ al€ dist. of subst.

I, [r/allx b [t/a](Azx. €) = [7/a](7! — Ja.€) Rule -
— Rule D=I-ABSAL Similar to rule D-I-ABS
— Rule D-C-EXisTst
Fl,a7F2|—€<:[T//b]€ F17G7F2}—T/
Fl,a,FQFe¢3b.e

I, [r/allo & [1/ale < [1/a][T'/b]e i.h.
I, [r/a|l & [1/ale < [[T/a]7'/b][T/a]e dist. of subst.
R L are e < (/a0 Rule p-o ]
Jr/a 7/ale < [1/a]l3 b.e ule [p-c-EXISTS

_ Rule ST EXETS

I,a,Ixke:[le:3b.c]/ble ~ p
I,a,loFe:dbe~p

I, [r/allx & [1/ale: [7/a][le:Tb.€|/ble ~ [T/a]p i.h.
[Fl/, [7]'/a]F2 F [r/ale : [le: [r/a]3b.c]/b][T/ale ~~ dist. of subst.
Fl,[Tl;a]l} F[r/ale:[r/a]3b.e ~ [T/alp Rule
— Rule
b eIy a,ly

I,a,IoFe:b<:b

If a = b, then we need to show I, [7/a]ls - [7/a]e : 7 <: 7 which is true by
Lemma [B.9l

If a # b, then b € IY,[r/a]l%, so I, [r/a]ll3 & [7/ale : b <: b by rule p-s
[Varl
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— Rule D=S-ARR}
I,a,Ih,z:01Fx:0) <oy IN,a, I, z:0)Fex:oy <:oh
IN,a,Ibke:01 — 0y <:0) — 0}
I, [r/a|la,[7/a)z oy b [T/a]z : [7/alo} <:[T/a]loy i.h.
I, [r/alla, [7/alz o) b [T/a]l(ex) : [T/a]oy <:[T/a]d} i.h.
/

I,a, ke [r'/blo<:e I,a, b7
In,a, I Fe:Vbo<:e

I, [r/ally & [t/ale : [7/a]l(o1 — 02) <:[7/al(c] — 0%) Rule

I, [r/ally & [t/ale: [t/a][7’/blo <:[T/ale ih.
I, [r/allx = [1/a)e : [[7/a]T’'/b][T/a]lo <: [T/a]e dist. of subst.
Flarﬁa]lﬁzkrfa]f ih.

IN,a,Ixke:[le:Tb.e|/bleg <: e
IN,a,IsFe:db.e <:e

In,[r/allx & [t/ale : [7/a]Vb.o <: [T/ale Rule
[D-S-EXISTST

Jallo b [7t/ale: [r/a][le:Tb.e1]/bler <:[7/a]ea i.h.
Jalls F [t/ale : [le: [r/a]3b.e1]/b][T/aler <: dist. of subst.

I, [r/allo b [r/ale: [T/a]Tb.e; <:[7/ales Rule

I,a,IaFe:p<:[t'/ble I,a, I -7
Iya,lsFe:p<:3Jbe

I, [r/a|l & [1/ale: [T/a]p <:[T/a][T’/b]e ih.
I, [r/allx & [t/ale: [t/alp <: [[r/a]7’/b][T/a]e dist. of subst.
In,[r/ally & [t/ale: [t/a]lp <: [T/a](3 b.€) Rule

Lemma B.2 (Substitution). Assume Il +e' = o’.
a) If I,z :0',InFe= o, then I, e /x| 2 F [¢/z]e = [¢//z]o.

b) If I,z : 0’ IxFe<o, then I, [e//z][2 F [¢//z]e < [¢//x]o.
c) If I,z:0',Inke:o~ p, then I'1,[e'/x]Is + [e'/x]e : [¢/ [z]o ~ [¢/x]p.

d) If I, z:0", Is Fe: oy <:og, then I, [e//z]|Io F [¢//z]e: [¢//z]or <: [¢//z]o

Proof. Similar to the proof of Lemma [B1]

O

2.

O
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Theorem B.3 (Checking Subsumes Inference). If I' e = p, then I' e < p.

Proof. We are given I' e = p. By Lemma[B9| I' e : p <: p, hence I' e < p
by rule P57 g

Theorem B.4 (Subtyping Subsumes Instantiation). If I'Fe: o0 ~ p or I' b
o~y e then'Fe:o<:p.

Proof. By induction on the given derivation.

— Rule D-INST-REFL}
I
I'Fe:p~p
I'Fe:p<ip Lemma
— Rule D-INST-FORALIL}
rer I'te:[r/alo~p
I'e:Va.o~p
I'te:[r/alo<:p i.h.

I'te:Vao<:p Rule
— Rule DoINST-EXISTS

I'ke:[le:Fae]/ale~p
I'Fe:Jae~p

I'ke:[le:Ja€l/ale<:p i.h.

I'Fe:Jae<ip Rule

— Rules ID-INSTF-REFI] and [ D-INSTF-FORALI! Similar to D-INST-.

O

Theorem B.5 (Order of Quantification Does Not Matter). Let o’ be a type that
differs from o only by the ordering of quantified type variables. Then:

a) P'Fe=oifand onlyif 'Fe= o’
b) 'te<oifand only if ' e < o’

Proof. We only need to consider rules that pack universal or existential quanti-
fiers.

— Rule [D-1-ABS} rule [D-1-ABS| packs multiple existentials at once, so the order
does not matter.

— Rule D-C-FORALI}

IabFe<=o
IaFe<Vbo
I'Fe«<=VaVb.o
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IabFe<=o premise
FIa,b perm. of context
FI,b,a defn.
I''baFe<=o perm. of context
I'bFe<Va.o Rule [D-c-FORALL
I'e«<VbVa.o Rule [p-c-FORALL

Rule D=c-EX1STS
I'te < [ra/b][m1/ale I'F7y
I'tFe<n/a3be
I'e<3da.db.e

Fl—Tl

We know that @ ¢ I"and b € I'. Since I' b 71 and I' b 7o, this implies
b & fv(r) and a & fv (7).

I't e <= [r2/b][11/ale premise
I'te<[r/a]lm2/ble b & fv(r)and a & fv(rs)
I'e<«=[n/bFa.c Rule [p-c-EX1STS
I'Fe<db3a.e Rule |p-c-EXISTS
O

B.2 Subtyping

B.2.1 General Properties

Definition B.6 (Subterm Occurrence). Let o1 = o3 iff o1 is a subterm of os.
Let 01 < 09 iff o1 is a proper subterm of os.
Let 01=209 iff o1 occurs in oy inside an arrow.

Lemma B.7 (Occurrence)._» a) If'Fe:o <:T then T%)U.
b) If '+e: 7 <:0 then T40o.

Proof. By induction on the given derivation.

a) Weknow I'te:o <: 7.

— Rules [D-S-INT] [ D-S-VAR] and [ D-S-PROJ} A type cannot be a proper
subterm of itself.

— Rule D=S-ARR}

Lr.mbz:m <oy

Lr:mber:oy<:my

I'Fe:op 2o <im =7

- .
T1 740‘1 i.h.
- .
T2 7402 i.h.

—
Then 7 — T2, A 01, since otherwise 71 A01. Similarly, 71 — 15 £ o2, since
otherwise 73 403. Then 7 — 7 £ 01 — 03, which implies 7y — wA01 —

g9.
— Rule D-S-ARRA} Similar to rule D=S-ARRI
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— Rule D-S-FORALLT}

I'ke:[r'/ao<:T w7
I'Fe:Vao<:T

7'7_4)[7'//0,]0 i.h.
AR defn. of 2
— Rule D=s-EX1sTSTk

I'e:[le:Jae|/ale<:T
I'Fe:Jae<:T

T%’[Le :Ja.e]/ale ih.
7'7_4>E| a.€ defn. of 2
b) We know I'te: 7 <: 0.
— Rules [D-s-INT|, [ D-S-VAR], [ D-s-PROJ| [ D-S-ARR] and [ D-S-ARR} Similar
to the previous cases.

— Rule D=S-FORALLR}
INakFe:7<: 0
I'Fe:17<:Va.o
7;4)0 i.h.
TAVa.0 defn. of <
— Rule D=s-EX1sTST}

I'te:7T<:[1'/ale rer
I'Fe:7<:3Ja.e

7'7_4>[7'//a]€ i.h.
743 a.c defn. of 2
O

Lemma B.8 (Monotype Equality). If 'Fe: 7 <: 7', then 7 =7'.

Proof. By induction on the given derivation.

Rules [D-s-INT| [ D-S-VAR], and [ D-s-PROJ} Trivial.
— Rules p-s-Ex1sTsI] [p-s-EXisTSR] [D-S-FORALLL] and [D-S-FORALLR} Not
possible.

— Rule D-S-ARR}
Nz:mbz:m<n Nz:mibex:m<:7h
Fl—e:71—>72<:7'{—>7é
=" i.h.
Ty =T i.h.
T =Ty =T{ = T} above
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B.2.2 Reflexivity

Lemma B.9 (Reflexivity of Subtyping). If I' - o and fv(e) C dom (I"), then
I'kFe:o<:o.

Proof. By induction on the structure of o.

— Case o = Int: Apply Rule

— Case ¢ = a: By inversion on rule a € I'. Apply Rule

— Case 0 = |e:Ja.€]: Apply Rule

— Case 0 = 01 — 09:
INx:oiFx:01 <0 i.h.
Ir:ogbFex:oy <:iog i.h.
I'ke:oy =09 <:01— 09 Rule

— Case 0 = Va.o: We will prove the claim in the case where 0 = Va.e. e
general proof is similar.

I'ake:[a/ale <:¢€ i.h.
Iata Rule D—WF—VAR‘
Iabe:Vae<: e Rule [D-s-FORALLL

I'ke:Vae<:Va.e Rule [p-S-FORALLR]
— Case 0 = Ja.e: We will prove the claim in the case where ¢ = Ja.p.

general proof is similar.

I'te:[le:Japl|/alp <:[le:Ta.p|/alp i.h.

I'k|e:3Ja.p] given

I'ke:[le:3a.pl/alp<:Fa.p Rule [D-s-EXISTSR

I'Fe:Jdap<:Jap Rule [D-s-EX1sTSL

O

B.2.3 Transitivity

Lemma B.10 (Transitivity of Subtyping (Limited)). If I' F ey : 01 <: 02 and
I' - ep : 09 <: 03 such that fv(ey) C dom (I'), fv(ez) € dom (I"), and oo does
not have any Is (of any order), then I' ey : 01 <: 03.

Proof. By induction on the given derivations with the metric (#Y(o2),# —
(02), D1 + D2) as defined in Dunfield and Krishnaswami [I].

— Cases Dy = Dy = rule D-S-INT| Dy = Dy = rule [p-S-VAR] and D; = Dy =
rule Apply the same rule.
— Cases D; = Dy = rule[D-S-ARR}

D Nz:ojkz:0] <oy Nz:ojkex:oy<io)
1:
I'ke:oy — o0y <:0] — 0}
)
D_F,y:oi’l—y:o'llca’l Ly:ofFey:oh <oy
Y =

/ / 1" 1"
I'be:o] =0y <to] =0y
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Ny:ofFy:0f <o} premise
Nz:olbz:o] <0} name and bound type of y does not matter
Nz:olbaz:o] <oy induction hypothesis
INy:olFey:oh<:al premise
Nz:oibex:oy<:dl name and bound type of y does not matter
Nz:olFex:oy <ol induction hypothesis

I'kFe:op = oy <iof = oy Rule [D-s- ARR
— Case D; = rule [D-s-FORALLL| and Dy # rule [D-S-FORALLR

D_Fl—elt[T/a]01<:62 Ir-r
e I'ke:Va.op <: ey

I'Feg:ey <ieg result of Do
I'kep:[r/alor <:es i.h.

I'Feg:Va.or <:e3 Rule |D—S—FORALLL|
— Case Dy = rule D-s-EXISTs[] and D # rule [D-S-FORALLR}

_ I'kep:fler:Jae]/ae <ie
N I'kFeip:Ja.e <:e

D,

I'Feg:ey <ieg result of Dy
I'te;:[ler:Fae]/aler <:e3 i.h.

I'bFep:Jae <: e Rule
— Case Dy = rule

Iabey:op <:og

Dy =
I'Fey:o9 <:Va.os
I'kFep:o1<:09 result of Dy
Iabe:01 < 09 weakening
Iake:01 < 03 i.h.

I'key:o01 <:Va.os Rule |D—S—FORALL F_{I
— Case Dy = rule and D; # rule D-s-FORALLL| or rule [D-s|
[ForRALLRE

_ I'Fex:py <:[r/a]es I'er

D,
I'Fey:ps <:Ja.e3
I'kep:pr <:po result of Dy
I'teg:pe <:[7/ales premise of Dy
I'tey:p1 <:[7/ales i.h.

I'te:p1 <:Ja.e3 Rule |D—S-EXISTSE_{|
— Case D; = rule and Dy = rule [D-sS-FORALLL}

Iake:01 <09
_FFelzal <:Va.oo

D,
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_ I'Fes:[r/a]or <ie3 Ir'er

Dy =
I'Feg:Va.og <:e3

I'te;:[t/aloy <:[t/a]os Lemma

I'te;:01<:[7/a]os weakening

I't-e;:01<te3 i.h. since #V([1/aloz) < #Y(Va.o2)

— Case Dy = rule [D-s-EXISTSR] and Dy = rule [D-s-EXISTSL} Since we do not

allow ds of any order in o3, this case is impossible.

O
(Simple Subtyping)
I D-SS-VAR D-ss-PRrouJ
D-8S-INT a € dom (I") I'tle:3Ja.€]
I'Fint<lInt I'a<a I'tle:Jae] <le:Tae]
D-SS-ABS D-ss-ExisTsL
F|—0/1§01 I‘}—Uggoé Iatle <e
I'koy —o0s <o) — I'F3Ja.e <eq
D-ss-ExIsTsR D-Ss-FORALLL D-ss-FORALLR
I'tp<|r/ale rer I't[r/alo <e rer I'atb oy <o
I'-p<dae I'EVYao<e I'k oy <Va.oq

Lemma B.11 (Subtyping Subsumes Simple Subtyping). If I' F 01 < 0y and
fv(e) Cdom (I'), then I'Fe: 01 <: 02.

Proof. By induction on the given derivation.

— Rule D-SS-EXISTST}
F, at €1 S €9
I'H3a.€; <eo
I't[le:Jae]/aler <[le:Ta.€e1]/ale Lemma
I't-[le:Ja€]/aler < e well-formedness
I'te:[le:Ja€]/aler <€ i.h.

I'ke:TJae <:e Rule

The proof for all other cases is straightforward, applying the induction hypothesis
if necessary. U

Lemma B.12 (Transitivity of Simple Subtyping). If 't o1 < 09 and ' F 09 <

a3, thenFFal S ag3.

Proof. By induction on the given derivations with the metric (#V(02), |3(o2)|, # —
(02), D1 + D2) as defined in Dunfield and Krishnaswami [I].
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— Case D; = rule [D-ss-EX1sTSI] and D3 # rule [D-SS-FORALLR]

F,a|_€1§€2
F}—Ela.elgeg

I'bFey <es result of Do
Iat e <eg weakening
Iabe <es i.h.

I'F3da.e <e3 Rule |D—SS—EXISTSL|

— Case D; = rule and Dy = rule D-ss-EXIsTsL}

't py <|[r/ales I'tr
I'p1 <3Ja.e

Fa atk €2 S P3

I'+=4 a.€e S P3
I'iak py <|[7/a]es weakening
I't[1/alex < [1/ales Lemma
't py <|[r/alps i.h. since |J(e2)] < |3(F a.eo

It <o Rl s BrisrsH]

The other cases are similar to Lemma [B.10 O
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C The Algorithmic System

universally quantified type o :=¢|Va.o
existentially quantified type ¢ :=p | Jb.c

top-level monomorphic type p := 17|01 — 09
monomorphic type Ti=alal|llnt|m =1 le:Iael
expr e =nlxz|lz.e|lAz:o. elees]|(e:0)
context A=e|z:0|ala|la=1]|4,..,4,
complete context R:=elz:colala="1], .., 02,
(Algorithmic Context Well-Formedness)
E A-CWF-VAR A-CWF-TVAR
A-OWE-BMPTY AFo x ¢ dom (A) FA a ¢ dom (A)
e FAz:o FAa
A-cwF-UVAR A-CWF-UVARSOLVED
FA a ¢ dom (A) FA AT a ¢ dom (A)
FAG FAa=rT

A-CWF-MARKER

A »; & dom (A) 4 ¢ dom (A)

= A, >
Ao (Algorithmic Type Well-Formedness)
A-WF-INT A-WF-VAR A-WF-UVAR A-WF-UVARSOLVED
FA FA a € A FA a € A FA a=17 € A
AR Int Al a Al a Al a
A-WF-PROJ A-WF-ARR
AFJa.e fv(e) C dom(A) FA Al oy AtF oy
Al le:Ja.€] AF oy — o2
A-WF-EXISTS A-WF-FORALL
Aabe Aabo
AF3Ja.e At Va.o
Aibe=o0-1A, (Algorithmic Inference)
A-I-INT A-1-VAR
FA FA r:0 € A
AFn=Int4A ArFz=0c14A
A-1-ABS
A, a,z:akFe= o014, A b [As]o ~y e 4 Az, x: a6, Ay
€1 = [As,z: a, Agle a fresh ea = [a/|e1] )€1

A1 FAz.e= a— Jda.ep - Ag, <A4>
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A-1-ABSA
A,z Fe= oA, Ao b [As]o ~y e 4 Az z 01, Ay
€1 = [As,z:01,A4]e @ fresh es = [a/|e1] )€1 ftv(o1) = @
Al Az g1. € = 01 — 36.62 — Ag, <A4>

A-I-APP
Al}_6:>0'_|A2 AQFG:[AQ]CTWO—l‘)O—Q%Ag A3|_€1<:Ul_|A4
A1|—6€1:>0'2—|A4

A-I-ANN
AlkFe<so-H A, Al ko ftv (o) = @

A (e:0)=0-4,

AjbFe<=o-dA, (Algorithmic Checking)

A-C-SUB
Ak e= oA, AQI‘@Z[AQ]O’<:[A2}p—{A3
Ay F€<:p4A3
A-C-ABS
A1,$101F€<:O'24A2,I201,A3

ArbE Az e =01 = 09 144,

A-C-ABSA
A, z:io1 b xiop <o 4 A
A2 Fe<« [AZ}O'Q - A37I : 0-17A4 Al + 0/1 ftv (Ull) =42
AiFAr:o). e =0 — 091 A3
A-C-ABSUVAR
Al[d27dl>& = dl — dg],fﬂ : dl Fe<« (i2 = A27x: d17A3
AlalF Az e <= a - Ay

A-c-ABSAUVAR
Al[dg,dh&: a; — 0?2}7162071 Fr:d <014,
AQF@@[AQ]G:\Q_{A37x:d1,A4 Al}_tfl ftV(O'l):@

AirbEdz:io1.e< a1 A;

A-C-EXISTS ) A-C-FORALL
Al,VE,bF€<:[b/b]é"AQ,PB,Az; Al,al—e<:a—1A2,a,A3
AiFe<3be-dA, A Fe<Vao 1A,
AllFe:o~s 01— 0914y (Algorithmic Instantiation)

A-INST-REFL

Abe:op =03~ 0] 201 A
A-INST-UVAR

A[&]l—e:&wcil—>d2—|A[d1,d2,d:ci1—>d2
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A-INST-EXISTS
Ajbe:[le:Tae|/ale~ o1 = 09 1Ay

AiFe:Jae~ o1 — o9 1A,
A-INST-FORALL
Ay ate:fa/alo ~ o1 — o9 4 Ay

Al Fe:Va.o~ o1 — o9 1A,

A F o~y e Ay (Algorithmic Instantiation)
A-INSTF-FORALL
A-INSTF-REFL Av ik [a/a)o ~y p - A
m Ay EVa.o ~y p Ay
AlFe:op <:og-Ay (Subtyping)
A-s-MoNoO

All_Tl%TQ_|A2
A1F€IT1<ST24A2

A-S-ARR
Ay ziolbx:o] <iop 4 A As b ez [Ax)og <: [As)oh 4 A,z : 0], Ay
Aibe:op =09 <io) — oy A;3
A-s-ARRL
Al[dg,dl,d:cil—>d2],x:01|—x:01 <: d1—|A2
Ag Fex: (iQ < [AQ]O’Q - Ag,l’ : O'1,A4
AjalFe:a <07 = 0943
A-s-ARRR
Al[dg,dl,d: ap — dg],m:dl Fo:a <:op 44,
Asbex: [AQ]O’Q <:dg Ag,m : dl,A4
Aﬂ&]"@:O}—)O’g<I&‘|A3
A-s-ExisTsL
Ajbe:le:Tae]/aler <iex Az
AiFe:Tae <€Ay
A-s-ExisTsR
Aypa,abe:p<ia/ale 4 Ay, s, As
AjFe:p<:Jae—d A

A-S-FORALLL A-S-FORALLR
Ay pa,abe:fa/alo <ie-d Ay s, Ag Ai,abe:o1 <:09 A9, a,As
Al Fe:Vao <:ed Ay Al Fe:op <:Va.og 14 Ay

A ko =0y As ‘ (Type Unification)

A-UT-REFL A-UT-UVARL

"A All_aTM-)TI—|A2
AFo=modA ArlalFa~TH A a =17
A-UT-UVARR

AL b1 ~1 4 A
Al[d]FT%&_|A2[&:T/]
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A-UT-PROJ
Al [ €1 X €y - AQ AQ H [AQ](H a.el) ~ [AQ](EI a.Eg) = A3

Aj b ler:Faer] = lex: Taez| 1A
A-UT-ARR
Al'ia'le'Q%A2 AQF[AQ}U&%[AQ]U&4A3

A1|—0’1—>0’i%02—>(7§—|A3

A-UT-EXISTS A-UT-FORALL
A17a|_61%62_|A2,a,A3 Al,a}—alzag—|A2,a,A3
Al = a.€1 ~ 3 a.€o = AQ Al H Va.al ~ VG.UQ - AQ
Al el ey 1A, (Expression Unification)
A-UE-REFL A-UE-ABS
FA A,z Intke; = ey 4 Ag,z:Int, Ag
Abex~ed A A1 F Az, e1 = Az. eg 1 Ay
A-UE-ABSA

Al = 01 =~ 02 = AQ AQ,IZUl F [A2]61 =~ [AQ}@Q = Ag,(EIUl,A4

AlFAz:o1.e1 ® AT :09. 65 1 A5
A-UE-APP
Al + €1 =X €2 = AQ AQ = [Ag}ell ~ [Ag]eé = Ag

ArbFere] mesey 4 A3

A-UE-ANN

Al = €1 X €9 - AQ AQ F [AQ]G’l ~ [AQ]G’Q = A3
Al F (61 20’1) ~ (62 30’2) - Ag

Ay g 01~ 09 1A ‘ (Type Promotion)
A-PRT-INT A-PRT-VAR
FA FA
Abgalnt— Int 4 A Ala][a] Fa a ~ a1 Ala][a]
A-PRT-UVARL R A-PRT-UVARR R
FA b+#a FA b#a
Alb][a] o b~ b A[b][a] Ala][b] o b~ by A Alby, al[b = by]

A-PRT-PROJ
Al l_a €1 v €2 — AQ Ag "[1 [AQ](E' G,.€1) ~ 3 a.€eo _| A3
Al l_[z |_61 = a.elj ~ \_62 = a.ezj - Ag
A-PRT-ARR
Al |—[1 (71W0'/1—1A2 AQ "a [AQ]UQWO'IQ—1A3
Al F&01—>02«~>0’1—>0’2#A3
A-PRT-EXISTS A-PRT-FORALL
Al[a, &] Fd €1 v €9 4 AQ, CL,A3 Al[a, &] Fd g1 ~ 09 4 A27 a,Ag
Al[&] }_;1 = a.ep ~ = a.ceg = A27A3 Al[&] }_;1 VG,.O‘l ~ Va.ag — A27A3
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Ay bgep e 44y (Ezpression Promotion)
A-PRE-INT A-PRE-VAR
FA FA
AFzn~n—A Alz:7][a] Fa z ~ z 4 Alz : 7][a]
A-PRE-ABS

Aqz:Int,a] B4 eq ~ ea 4 Ag z i Int, Asg
A1[&] |—& AT. €1 V> AT, €9 - AQ,Ag

A-PRE-ABSA
Al[m L0, &] l_a g1 ~ 09 _| AQ Ag }_a [Ag]el ~r €9 - Ag,x : 0'1,A3

Al[&] }_@ Az g1. €1 ~ AL : 02. €2 = AQ
A-PRE-APP

A bger ~ e 144, Ay 4 [Agle] ~ e 4 Ag

Al |—& 616’1W€26/2—|A3

A-PRE-ANN
Al "a 61W62_|A2 AQ l_a [A2]01W0'2_|A3

Aj b (e1:01) ~ (eg:09) 1 As
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D Meta Theory of the Algorithmic System

Lemma/ Theorem Related DK Lem-
ma,/Theorem
Lemma (Properties of Context Extension) D.20, D.21, D.16,
D.25, D.22
Lemma (Extension Order) D.24
Theorem (Typing Extension) D.33, 1.54
Lemma m Applying Contexts to Types) H.44, D.18, D.19,
H.45, H.50
Lemma [D.10| (Applying Contexts to Contexts) H.47, H.51, H.52
Lemma [D.11| (Filling Completes) H.48

(
(

Lemma [D.12| (Extension of Unsolved Contexts) -
(

Lemma [D.13| (Soundness of Promotion) -
Lemma [D.14] (Soundness of Unification) -
Theorem [D.15[ (Soundness of Algorithmic Subtyping) H.11
Theorem [D.16| (Soundness of Algorithmic Typing) H.12

Theorem [D.17| (Completeness of Algorithmic Subtyping) K.14
Theorem [D.18| (Completeness of Algorithmic Instantiation) |K.13
Lemma [D.21| (Instantiation Preserves <3) -
Lemma [D.22| (Global Deep ming) -
Lemma [D.23| (Global ming) -
Lemma [D.26] (min|.; of Algorithmic Typing) -
Theorem [D.27| (Soundness of Algorithmic Inference (1)) H.12
Theorem [D.2§| (Completeness of Algorithmic Typing (1)) |K.15
Theorem [D.29| (Soundness of Algorithmic Inference (2)) H.12
Lemma [D.30| (]3| Inequality of Compatibility) -
Theorem [D.31| (Completeness of Algorithmic Typing (2)) |K.15

D.1 Algorithmic Context

D.1.1 Context Extension

(Context Extension)

AEX T EMPTY A-EXT-VAR A-EXT-TVAR
Al — AQ [AQ]O'l = [AQ]O'Q Al — AQ
e —e Ay, z:01 — Ao, x:09 A,a — Asg,a
A-EXT-UNSOLVED A-EXT-SOLVE A-EXT-SOLVED
Al — Ag Al — Ag Al — AQ [AQ]Tl = [AQ]TQ
Al,&‘)AQ,& Al,&‘)AQ,&:T Al,d:’ﬁ*)Ag,(Al:Tg
A-EXT-ADDUNSOLVED A-EXT-ADDSOLVED A-EXT-MARKER
Al‘)AQ Al‘)AQ A1*>A2

A1—>A2,& A1—>A2,&=T Al,ba—>A2,>a
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Definition D.1 (Softness). A context A is soft iff it consists only of a and
a = 7 declarations.

Definition D.2. (A) consists of the unsolved declarations a in the context A.

Lemma D.3 (Properties of Context Extension). a) Reflexivity: If - A, then
A— A

b) Transitivity: If Ay — Ay and Ay — As, then Ay — As.

¢) Declaration Order Preservation: If Ay — Ay and u is declared to the left
of v in Ay, then u is declared to the left of v in As.

d) Extension Weakening: If Ay o and Ay — Ag, then A+ 0.

e) Right Softness: If As is soft, Ay — Ag, and Ay, Ag is well-formed, then
Al — AQ, Ag,

Proof. Proof in Dunfield and Krishnaswami [I]: Lemmas D.20, D.21, D.16, D.25,
D.22. O

Lemma D.4 (Extension Order). a) If A}, a, A — Ag, then Ay = (Af, a, AY)
where A} — AL, Moreover, if AY is soft then AL is soft.

b) If Al x:01, A — Ag, then Ay = (AL, x: 09, AY) where A} — AL and
[AL]or = [AL]oa. Moreover, if A is soft then Al is soft.

c) If Ay a, A — As, then Ay = (AL, Az, AY) where A} — Al and Az is
either 6 or a = 7.

d) If Ay, a=m,A] — Ag, then Ay = (AL, 6 = 1o, AY) where A} — A, and
4] = (AL,

Proof. Proof in Dunfield and Krishnaswami [I]: Lemma D.24. O

Theorem D.5 (Typing Extension). a) Promotion Extension: If Ay k5 o1 ~
()] = Ag or Al '—;1 €1 v €a = Ag, then Al — Ag.

b) Unification Extension: If A; - o1 &~ 09 4 As or Ay F e1 = es 4 Ay, then
Al — AQ.

¢) Subtyping Extension: If Ay b e: oy <: o9 4 As.

d) Instantiation Extension: If A1 Fe: o~ p - Ay or Ay b o~y e 4 Ay, then
Al — AQ.

e) Typing Extension: If Ay Fe=0c 1A, Aybe<od4 Ay, or AyFe:o~
p Ay, then Ay — As.

Proof. By induction on the given derivation.

— Rules [a-1-INT], [ A-1-VAR] [ A-1I-APP| [ A-I-ANN| | A-C-SUB| | A-C-ABS|
|[c-ABSAL | A-C-ABSUVAR], [ A-C-ABSAUVAR] | A-C-EXISTS| [ A-C-FORALL}
[A-INST-REFL], [ A-INST-EXISTS], [ A-INST-FORALL), [ A-INSTF- REFL}, [ A-INSTF-
|[ForALLl | A-s-MONO| [ A-S-ARR] | A-s-ARRL| [ A-S-ARRR] | A-S-FORALLL|
[[A-s-FOrRALLR] [[A-S-EX1sTsL] [ A-s-EXISTSR] [[A-UT-REFL] [ A-UT-PROJ] |
|A-UT-ARR} | A-UT-EXISTS| [ A-UT-FORALL| [ A-UE-REFL| | A-UE-ABS| [ A-UE-|
|IABSA| | A-UE-APP| | A-UE-ANN] [ A-PRT-INT| [ A-PRT- VAR] | A-PRT—UVARL“
A-PRT-PROJ| | A-PRT-ARR] | A-PRE-INT} | A-PRE-VAR] [ A-PRE-ABS| [ A-PRE-|
ABSA] [A-PRE-APP| and [A-PRE-ANN} Apply induction hypothesis, Lemmas
D.3(a, b, e)l and as appropriate.
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— Rule By the induction hypothesis and Lemma A, a,x:0 —>
Az, z:a, A4 By Lemma Ay — Ag, therefore Ay — Az, (A4) by lemma
D.3(c)

— Rule [AZIZABSAL Similar to rule [AZI-ABd

— Rule By rules [A-EXT-ADDUNSOLVED| and [A-EXT-SOLVE]
A[&] — A[dl, cig, &} — A[dl, dg, a=da — dQ]

— Rules |A-UT-UVARL| and | A-UT-UVARR} By rule Ala] —
Ala = 1.

— Rule By rules [A-EXT-ADDUNSOLVED| and [A-EXT-SOLVE],

Ala)[s] — Alby, al[b] — Alby, allb = bl

— Rules[a-PRT-EXISTS|and| A-PRT-FORALL} By the induction hypothesis, A;[a, 4] —
Ay, a, As. Note that no element of A[a] refers to a by well-formedness. More-
over, promotion cannot add any elements to a context which refer to a type
variable, therefore no element of As or Ag refers to a, which implies - As, As.

Then our extension relation is preserved if we remove a from both sides, i.e.
Al[&] — AQ, Ag.

O

D.1.2 Context Application

Definition D.6 (Applying a complete context to a context). The application
of a complete context to a context [Q2)A is defined by:

[.]. = @
[2,2:0](A,z:0")=[2)A,z:[2)o if [2)o = [02]0
[22,a](A, a) =[2]4,a
12,6 =7)(A, 4) = [2]A
[(2,a=7](A,a=1")=[RA if (2] = (2]
(2,6 =T1]A=[2A if & € dom (A)

Definition D.7 (Applying a context to a type). Substitution of a context in a
type [2])o is defined by:

[A]Int = Int
[Ala =a
[Alalla = a
[Ala = 7]la = [Aa = 7]]7
[A]le:Ta.e] = [[Ale: [A]T a.€]
[A)(o1 = 02) = [Alo1 — [A]os
[A](3b.€) =T b.([Ale)
[A](Va.0) = Va.([A]o)
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Definition D.8 (Filling). The fillling of a context |A| solves all unsolved unifi-
cation variables:

o] =
|[Ajz ol =|Al,z:0
|A7a|:|A|aa

[Aja=r1[=Ala=rT
1A 4| = Al 4 = Int

Lemma D.9 (Applying Contexts to Types). a) Substitution for Well-Formedness:
If 2F o, then AF [Alo.

b) Extension Equality Preservation: If Ay F o1, Ay b o3, [A1]oy = [Ar]oe, and
Al — AQ, then [AQ]Ul = [AQ]UQ.

¢) Substitution Extension Invariance: If Ay F o and Ay — As, then [As]o =
[AQHA]]U and [AQ]O’ = [Al][AQ]O’

d) Substitution Stability: For any well-formed complete context (2, "), if 2+
o, then [Q)o = [2,2]o.

e) Finishing Types: If 21 F o and 21 — (25 then [{21]o = [{%]0.

Proof. Proof in Dunfield and Krishnaswami [I]: Lemmas H.44, D.18, D.19, H.45,
and H.50. 0

Lemma D.10 (Applying Contexts to Contexts). a) Softness Goes Away: If Ay, Ay —
Ql, QQ where Al — 91 and AQ 8 SOft, then [Ql, QQ](Al, AQ) = [Ql]Al

b) Finishing Completions: If 2y — 25 then [§21]821 = [£22]825.

¢) Confluence of Completeness: If Ay — 2 and Ay — 2, then [2]A; =
[2]As.

Proof. Proof in Dunfield and Krishnaswami [I]: Lemmas H.47, H.51, and H.52.
O

Lemma D.11 (Filling Completes). If Ay — 2 and Ay, Ay is well-formed,
then Al, AQ — .Q, |A2|

Proof. Proof in Dunfield and Krishnaswami [I]: Lemmas H.48. O

Lemma D.12 (Extension of Unsolved Contexts). If Ay, (Ag) — £2, then 2 =
(21, £25) such that Ay — (2.

Proof. If (Ay) = e, then 27 = 2 and {25 = e.
Otherwise, (Aq) = a, Al for some A} by definition. By Lemma we either
have 2 = (A}, a,AY) or 2 = (A}, 4 = 7, A}) where Ay — A]. By definition

of complete contexts, we must have 2 = (A},a = 7, A)) and A} and A} are
complete contexts. Then let 2y = A} and 25 = (a = 7, AY). O
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D.2 Soundness

Lemma D.13 (Soundness of Promotion). a) If A[a] b, o1 ~ 00 1 Ay, then
[AQ]CTl = [AQ]CTQ and AQ = Aé, &,Ag where A/Q = g9.

b) If Ala|bo ey~ eo 1 Ay, then [Ag]er = [Asles and Ay = Al 4, AL where
fv (e2) C dom (A%).

Proof. By induction on the given derivation.

— Rules [A-PRT-INT| | A-PRT-VAR} | A-PRT-UVARL| | A-PRE-INT| and [ A-PRE-|
Straightforward.
— Rules |A-PRT-ARR], [ A-PRT-PROJ| | A-PRE-ABS| | A-PRE-ABSA| [ A-PRE-APP}

and [ A-PRE-ANNE Induction hypothesis and Lemma |D.9fc!l
— Rule [A-pRT-UVARRE

FA  b+£a
A[a][B] Fa b~ by 4 Alby, a][b = by]

We have [A[A} allb = b]b = 61 :A[A[l;l,&][i) = 51]161. We can write

Albr,allb = bi] = Ay, by, a,A9,b = by, Az. Then Ay, by F by by rule [r]
WE-UVARI

A][(]A(Al} F,} €1 ~ €9 T AQA(]AA.Q
Al[(}} F(\, 3 a.ep ~ 3 a.eg = A2J;

Note that promotion can only add unification variables to the context or solve
unification variables with other unification variables. Therefore removing a
from As, a, Az cannot break the context well-formedness, since no other ele-
ment of the context can depend on a.

[AQ, a, Ag}él = [AQ, a, A3]62 lh
[A27 A3]€1 = [AQ, Ag]ég defn. of subst.
[AQ, Ag](a (1,.61) = [Ag, Ag](a a,.€2) defn. of subst.

Lastly, we can write Az, a, As = Aq, a, A%, 4, AY. By the induction hypoth-
esis, Ay, a, Ay F ea. As noted above, the well-formedness of As, a, Aj can-
not depend on a, therefore we have Ay, AL a F eo. By rule
Ag, Ag 4 a.€9.

— Rule [A-PRT-FORALIL} Similar to rule [A—PRT-EXISTS

O

Lemma D.14 (Soundness of Unification). a) If A - oy ~ 0y 4 Ay, then [Ag]or =
[AQ]JQ.
b) [f J[ F €] X €y . Jz, then [A2]61 = [AQ]@Q.

Proof. By induction on the given derivation.

— Rules [A-UT-REFL| and [ A-UE-REFL} Straightforward.
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— Rules [A-UT-PROJ| [ A-UT-ARR] [ A-UE-ABS| [ A-UE-ABSA] [ A-UE-APP} and |
[A-UE-ANN} Induction hypothesis and Lemma [D.9(c)]

— Rules |A-UT-UVARL|and | A-UT-UVARR} [[a = 7]Az]a = 7 = [[a = 7] Ag]T.

— Rule [A-UT-EXISTSt

Al. at €1 X €2 . Ag (1.A;g

A FJae; = FJa.eg 4 Aq
fv(Ja.e1) C dom (A1) C dom (As) given
fv(Ja.e2) C dom (A1) C dom (Ay) given
[A27 a, A3}€1 = [AQa a, A3]€2 lh
[As, ale; = [As, aley above
[As](3 a.€1) = [A2](F a.e2) defn. of subst.

— Rule [A-UT-FORALIL} Similar to rule [A=UT-EXISTS|
O

Theorem D.15 (Soundness of Algorithmic Subtyping). a) If A e 0y <: 0o -1 Ay
where [A1)oy = 01, [Az]oy = 09, and Ay — 2, then [Q2| Ay e [Q)oy <: [Q2]os.

Proof. By induction on the given derivation.

— Rule [A=s-MoONGE
A Frmrm A

AiFe:m <114y

By Lemma [As]T = [As]Ta, so Lemma implies [2]1, = [02]72.
Then, by Lemma [B.9] [2]As - e [2]7 <: [2]7

— Rule
Apz:oibzio] <iop 14,
As Fex: [As]oy <: [Asloh 4 Az, z: 07, Ay
Aibe:op — 0y <o) — 0y 143
A3 — 2 given
Az, x 01, Ay — 2,2 : 07, | A4 Lemma [D.11
Ay — Ag x: 07, Ay Theorem [D.5
Ay — 2,z 01, | A4 Lemma [D.3(b
Let 2 = 2,z :0%,|A4]. We have shown Ay — ' and Az, z:01, Ay — 2.
(2 Ay bz [2]0] <: [£2]oy i.h.
[!Z’KA&ZL‘ : O'/l7 A4) Fex: [_(Z/HAQ]O'Q < [.(Z/HAQ]Ué i.h.
Ay is soft Lemma [D.4
[21Ag = [2](As,z: 01, Ay) = [2) A3,z : [2]0] Lemma [D.10(a, ¢
[2']o1 = [2]o1 Lemma [D.9(d)
(2|0} =[]0} Lemma [D.9(d)
[2[Az]oa = [0 = [2]o9 Lemma D. 9(c d)
[2'[Az]ch = [0 = [2)0}h Lemma |D.9(c, d)
[Q2)As,z: [2)o] F z: [2]o] <: [2]oq above
[2]As,2: [Q)o] b ex: [Q)oy <: [£2]0) above
[Q]As b e: [2](07 — 02) <: [2](c), = 0b) Rule [p-s-ARR|
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— Rule [A=S-ARRT}

Aqlde, a1,0 = a1 — do),z:00 b x:op <:ap 1A
Asbkex: ay <:[As]oy 4 As,z: 01,
AfalFe:a<:iop — o9 1Az

We must have a ¢ fv (o1 — 02), since otherwise the premises would not be
possible (d; or da would have to depend on a). Since @ ¢ fv (o1 — 02) and
a1, dy & fv(o1)Ufv (02), we have [Aq[dy, d1, 4 = d1 — d],z:01](01 — 02) =

[Al[d]](al — 0'2) =01 — 02.
Ag — 2

Az, x 01, Ay — 2,2 : 01, |A4]
AQ — A3,.T : O'1,A4

AQ — Q,I 01, |A4|

given

Lemma [D.11
Theorem |D.5
Lemma [D.3(b

Let 2 = 2,2 :01,|A4|. We have shown Ay — ' and Az, z:01, Ay — 2.

(] As b 22 []or <: [2]dy
[2'(As 01, Ay) Fex: [2]d <: [2][Az]oz
Ay is soft

]
()01 = [0y
[2')dy = [£2]dy
[-Q/][AQ g9 = [QI]O'Q = [Q]O’Q
[2]dy = [2]da
[2]As,2: [2)or b x: [2]or <: [2]dy
[2]As,z: (2o Fex:[2)d <: [2]oz

[.Q]Ag Fe: [.Q]((Ijl — (iQ) < [(2}(0’1 — 0'2)
— Rule [A=SZARRR} Similar to rule [A=SSARRI
— Rule [A-S-EXISTST}

AjkFe:[le:Tae]/alep <:ex Ay

Lemma [D.4
Lemma [D.10(a, ¢

A Fe:Tae <ieg 1Ay

[21As Fe:[2)le: Ta.€e1]/aler <:[2]en
[2]AsFe:[le:[2]Fa.e1]/a][R2]er <: [2]ez
[2]A Fe:[2]Fa.eq <: []es

— Rule [A-S-EXISTSR}

Ay,pa,abe:p<ifa/ale 4 Agypy, Asg

AFe:p<ida.c—Ay

i.h.
i.h.

Lemma [D.9(d)
Lemma [D.9(d)
Lemma [D.9(c, d
Lemma [D.9(d
above

above

Rl [-An]

i.h.
dist. of subst.

R s Brsrs]
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We know Ay — 2, so Ag,p5, A3 — 2,»;,]|A3| by Lemma Let

2=
[(2](Az, 4, A3) Fe: [2]p <: [

Qa >, |A3|

[[a/a]e

i.h.

Lemma|D.4
Lemma [D.10(a

Lemma [D.9(d)
Lemma [D.9(d)

above
dist. of subst.

Rule [D-s-Ex18TSR

[a/a)lo <:e- Ay, s, As

Ajz is soft

[(2](A2,»4, A3) = [2]As

[2]p = [2]p

[$2'][a/ ale = [£2][a/ a]e

(2145 e [2)p <:[02][a)ale

[2]As Fe: [2)p <:[[02]a/a][2]e

[2]AsFe:[2]p <:[2]Fa.e

— Rule [A-S-FORALLT}
A,ps,abe:
Jl Fe

Va.o <:e- Ay

We know Ay — 2, so Ag,p5, A3 — 2,»;,]|A3| by Lemma Let

2 = 2,»4, |A3|
[2'](Ag, e, Az) Fe: [2][a)alo <: [2]e
Agz is soft
{Q/%(AQ,[’]Z),A:)’) [2] Ay
[$2'][a/a]o = [2)[a/a]o
[2Ax e [2][a/alo <: [2]e
[2|Az e [[2]a/a][2]o <: [£2]e
[2]As e [2)o <: [2]Va.e
— Rule [A-S-FORALLR}
A,abe:
Al Fe:
Let 2 =
Lemma
[2'](As, a, A3) Fe: [2]or <: [0
As is soft
[Q/](AQ, a, Ag) = [Q]AQ, a
.Q/]O'l = [Q}O’l
.Q/]O'Q = [Q}O’z

Theorem D.16 (Soundness of Algorithmic Typing).

a) [fﬂ[ Fe= o Ag, then [Q}AZ Fe= [.Q}(T
b) If Ay b e <=0 1A, then [2]AsF e <= [o.
g~ p Ay, then [2]As Fe: Qo
d) If Ay o~y e Ay, then [2] Ay

c) If Ay e

o1 <:09 1Ay, a, As

A, ate: oy <: [2]os
N)As ke [R)oy <: [N2]Va.oo

o1 <:Va.og 1Ay

F [Q2]o ~vy [Q2]e.

i.h.

Lemma|D.4
Lemma [D.10(a

Lemma [D.9(d)
Lemma [D.9(d)

above
dist. of subst.

Ruleps-Fonaus)

2,a,|A3|. We are given Ay — {2, hence Ay, a,A3 — ' by

i.h.

Lemma [D.4
Lemma [D.10(a

Lemma [D.9(d)
Lemma [D.9(d)

above

Rule [D-s-FORALLR

O

Given Ay — 2,
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Proof. By induction on the given derivation.

— Rules [A-1-INT], [ A-INST-REFL] and [ A-INSTF-REFL} Apply the corresponding
declarative rule.

— Rule [A-I=VAR}
z:0 € A
ArFz=0c-1A
z:0 € A premise
z:[Ro € [2]A defn.

(A F z = [Q]o Rule -
— Rule [A-=ABs}
Ay, a,z:ake= 04, Ay [As]o ~y e 4 Az, x s a, Ay
€1 = [As,z:a,A4le @ fresh €2 = [a/|€e1] )€1
A F Az e= a— Ja.c 4 As, (Ay)

Az, (Ay) — 2 given
0= (,0) st. As — Lemma [D.12
As,z:a,Ay — (1,2 a,|A Lemma |D.11
Let 2 = .(21,1: : &, |A4|

[2As Fe=[]o i.h.
[2'(As, 7 : 4, Ay) F [Q2'][A2)o ~v [2']e i.h.
Ay is soft Lemma [D.4]
(2142 = [2](As, z: 4, Ay) = [f1]As, 2 : [2']a Lemma [D.10(a, ¢

[2'][A2)e = [2]e =[]0 Lemma[D.9(c, d)
(e = [£2][As, z 2 @, Agle = [2']e = [f]e Lemma [D.9(c, d)
[(1]As,z: [2]aFe=[(]o above
[Ql}A3T : [Q/]?] - [Ql]ﬂ' MY [91]6 above
[@/|[f]e]2)[f21]e = [$1][a/ €] z]e = [(]e2 dist. of subst.

[21])As F Az, e = [1](a — Fa.e) Rule [p-1-ABs|
Note that 2, does not mention z, so |[21]e|, and |¢], are analogous.
— Rule [A-TZABSAL Similar to rule [A-I=ABs
— Rule [A-I-APPt
A1 Fe= o A_)
Ay e [.A;)}(TW(Tl %(’72‘{43 A.gl*(’,l @[/Ag}ﬁl - Ay
Al H ee| = 09 . A4

(2]Az Fe= 2o i.h.
[2]A5 F e: [2][As]o ~ [2](o1 — 02) i.h.
[2]Ay = [2] A3 = [£2] Ay Ttem |D.10(c)
[2][Az]o = [2]o Lemma [D.9(c)
[2][Az]oy = [R2]o Lemma [D.9(c)
(Q|AsFe= (2o above
[2|ALF e [2)o ~ 2oy — [2]o above
[Q]A4 Fe < [Q}O’l above
[Q]A5 - eey = [2]os Rule [p-1-APF|
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Rule [A-I-ANN
Mbe<s=o-HAy oo

Arb(e:0) =04,

Note that fv (o) = @ since e - o, therefore [2]c = 0.
[2]As e < (2o
[2]As = (e:[2]0) = [2]o Rule
[2]AsF (e:0) = [0 since [2joc =0
Rule [A=C-SUB!
Aibe=o-A4, Ag e [Asx]o <: [Asglp 4 As
Al F(<:/)4A;

i.h.

We have Ay — A, by Theorem which implies A; — 2 by Lemma

(2|45 F e = [Qo i.h.
[2]As e [2][As]o <: [£2][As]p Theorem |D.15
[Q]Ag = [Q]Ag Item |D.10(c
[2][As)o = [R2)o Lemma [D.9(c)
[2][A2]p = [2]p Lemma [D.9(c)
(2)|AsFe= Qo above
[Q)AsFe: 2o < [2p above
[Q2]As e < [2]p Rule
Rule [A-C-ABst

A, x:01Fe<=o0y 4 Ay 101, A3

AiFE Az, e<= 01 = 09 %AZ

Ay — 2 given
Ag,x:01,A3 — 2,2 :01,|As] Lemma
Let 2 = 2,z :01,|As|.
[.Q/KA%Z'IO'hAg) Fe<« [(2/]0-2 i.h.
As is soft Lemma [D.4
[2(Ag,z: 01, A3) = [2]Ag, z : [2]0y Lemma [D.10(a)
[2']oe = [2]02 Lemma [D.9(d
[2]As,z: [2)o1 F e <[]0 above

[2]As F Az, e <= [2](01 — 02)

Rule p-5-Ani]
Rule [A-c-ABSA}

AyziobFxiop <t (T/l - Ag
‘AQ Fe <~ [A2}02 = A:},,,T : (T[,A,»]
AiFEAz:o]. e =01 — 09 1A

ol—Ui

Ag — 2

Az, x 01, Ay — 2,2 : 01, |A4]
Ay — A3, x:01, 44 Theorem |D.5
Ay — 2,1 :01,|A4] Lemma [D.3(b
Let 2 = 2,2 :01,|A4|. Note that fv (o]) = @ since o - o/, therefore [2]o] =

given
Lemma [D.11
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0.
(2 Ay 22 [0y <: [0} i.h.
[Q/](A3, x:.01, A4) Fe<« [Q/][AQ](TQ i.h.
Ay is soft Lemma [D.4]
(2|4 = [2](As, z : 01, Ay) = [2]As, 2 : [2]01 Lemma [D.10(a, ¢
(201 = [2]oy Lemma [D.9(d)
[2)o] = [2)o} Lemma [D.9(d)
[2'[Az]og = [2]|o2 = [2]o2 Lemma |D.9(c, d)
[2]As, 2 : [2)oy b x: [Q2]oy <: [2]0} above
[2]As,2: [2)o1 F e <[]0 above
[2]As = Az 2 [2]o]. e <= [2](01 — 02) Rule
[2|AsF Az : o). e <= [2](o1 — 09) since [2]o] = o}
— Rule [A-c-ABSUVAR}
Aqlaz, a1,0 = a1 — do),z: a1 Fe<= dy 1A,z dy, As
Ajfal F Az e <= a4 Ay
Ay — 2 given
Ao,z : a1, A — 2,z dy, |As| Lemma
Let ' = .Q,l‘ : Gj1, |A3|
[(2/}(A2,IL' : dlAd) Fe<« [Q/](Ijg i.h.
As is soft Lemma [D.4
[2'](Ag, s d1, As) = [£2) A2, z : [£2]dy Lemma, m@
[2]dy = [2]da Lemma [D.9(d
(2] Az, z: [2]a) F e < [2]dz above
[2]As b Az e < [2](d — dy) Rule [p-s- ARR|
(2|42 F Az, e <= [2]a above
— Rule [A-c-ABSAUVAR:

Aqlan, dy,a=ay — do],z: a1 bz :ap <o A
Agbe<=[Ag)dy 4 Az, x: day, Ay ooy
AiEXr:o.e<=a-A;s
A3 — 2 given
Az x:dy, Ay — 0,20 dy, | A Lemma [D.11
AQ — Ag, X 0:17 A4 Theorem |D.5
Ay — 2,z dy, | Ay Lemma [D.3(b

Let 2 = 2,z dy,|A4]. Note that fv (o1) = @ since o - 01, therefore [2]o; =
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T.Q ]AZ Fa: [Q }d] <: [Q/] 01 i.h.
[Q ](A3 T a1 A4) Fe<« [Q/} [Ag]dz i.h.
Ay is soft LemmalD.4
[ Ay = [2](As, 2 : d1, Ay) = [2] A3,z : [2]dy Lemma [D.10(a, ¢

(a1 = [2]dy Lemma [D.9(d)
(201 = [2]o1 Lemma [D.9(d)
[(2][Az]dn = [Q] o = [2]dy Lemma D.9(c, d)
(2|43, z: [Q)ay -z : [Q)ay <: [2]oy above
[2]As, 2 : [2]ay F e < [2]dz above
[Q]As Az : [Q]0. e <= [.Q](al — dy) Rule [D-s- ARR]
[2](ay — dz) = [Q]a defn.
[Q|A2F Az :01. e <= [2]a above
Rule [A-c-EXISTS}

A b e < [b/ble = Ay, As
Jl Fe<«<dbe- Jz

We know Ay — (2, so Ay, »;, A3 — 2,»;,|A3| by Lemma Let
= Q,PB,‘A3|.

[2](Ag,»;, Ag) Fe <= [Q/WA)/MG i.h.
As is soft Lemma [D.4
[Q/](AA% >, As) = [2]A; Lemma m
[2][b/ble = [2][b/Vle Lemma D-9(d)
[2]A2 F e < [2][b/b]e above
(245 F e < [[2]b/b][2]e dist. of subst.
NAs e« b.e Rule [D-c-EXISTS
N e

A,aFe<=o Ay a,As
Al Fe<Vao A,

By Theorem [D5] Ay, a — Ay, a, Az where Az is soft by Lemma [D-4] Let
' =10, a,|As]. Then, Ag, a, A3 — 2’ by Lemma

[2'](Az, a, A3) F e <= [0 i.h.
[£2'](A2, a, A3) = [2] Az, a Lemma [D.10(a
[2]o = [Qo Lemma [D.9(d
[2]A2,a b e« 2o above

[2]As F e < [2]Va.o Rule [p-c-ForaLIJ
Rule [AZINST-UVAR}

AlalFe:a~ d — do 1 Aldy, d2, 0 = dy — da)

We are given Aldy, dy, @ = 3 — da] — £2. By the definition of extension, d;
and dy are solved with monotypes in 2. Then, by the definition of extension,
we have Aldy, da, 6 = 4y — do] — 2[dy = 71,42 = T2, a@ = 71 — 75] where
[2](r1 = 75) = [2](a1 — d2), i.e. [2]dy = [ = [2]7] and [2]de = [2]72 =
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[$2]73.
[(2]a = [Q](a1 — dp) = [2]11 — [ defn.

(24 F e [Q]a ~ [2)(d — dy) Rule [p-INST-REFL]
— Rule [AZINST-EXISTS

Arke:(le:3ac)/ale~ 01— 0a A 4y
AlFe:Fae~ oy = 09 1A

(A Fe:[2][le: Tae]|/ale ~ [2](o1 — 02) i.h.
[2]As Fe:[le: [2]Fa.e]|/a][2]e ~ [2](o1 — 02) dist. of subst.
[2]As b e: [2]T a.e ~ [2](o1 — 02) Rule [p-INST-EXISTS|

— Rule [A-INST-FORALIL}
Ay,abe:la/alo ~ o1 — o9 1A
A Fe:Va.o~ o1 — o914,

[2]As e [2][a)a)o ~ [2](o1 — 02) i.h.
[2]As e [[R2]a)a][2)o ~ [2](c1 — 02) dist. of subst.
[!Z]Ag Fe:[2Va.o ~ [2](o1 — 02) Rule |D—INST—FORALL|
Rule [A-INSTF-] Similar to rule [A-INST-FORALI|
O

D.3 Completeness of Subtyping

Theorem D.17 (Completeness of Algorithmic Subtyping). Given Ay — (2,
Ay b ooy, Ay B oo, and [(1]A F e [$21]oy <: [21]oa, then there exist Ay and
(25 such that Ay — QQ, 2 — QQ, and A e [A }(T[ < [A }0’) - As.

Proof. By induction on the given derivation. We will consider separately the
cases where at least one of [A;]o; or [A]os is a unification variable, i.e. [A]oy €
unsolved (Ay) or [Ai]oz € unsolved (Ay).

a) Suppose [A1]oy and [Aq]og are not unification variables.
— Rules [p-s-INT] [ D-5-VAR] and [ D-s-ProJ} Apply rule and
rule [A-UT-REFI]
— Rule [D-S-ARR}

[(ZﬂAl,[L' : [(21]0/1 Fa: [.(21}0'/1 < [.(21}0'1
[QﬂAh T [01]0/1 Fex: [01]02 < [01]0'/2
[Ql}Al Fe: [91]01 — [91]0'2 <: [91]0'/1 — [01}0'/2
We have [21, z:[£21]0]] (A1, z:[A1]0}) = [£21] A1, 2:[f21]0] since [21][A1]o] =
[¢1]o7 by Lemma[D.9]
(21,2 : [1]01](Ay, 2 : [Ar]o)) Fa: [(21 @ [f]ol]ol < [£20, 2 : [ |plémise

Al,flf . [Ad()'/l Fa: [Al T [ d(f ] . [Jl X [ 1](7'”(71 = JQ i.h.
Ql,it : [91]0’1 — .QQ i.h.
Ag — QQ i.h.

Ay x o [Ay]ol Foa [A]o) < [Ar]or 4 As defn. of subst.
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(21,2 : [f1]oi] (A1, z 2 [Aq]oh) = [$1, 2 2 [$1]0]](£21, 2 : Lemma [D.10(b, ¢)
{91]01) = [12]92, = [$2] A9
[

01]0'2 = [92]0'2 = [QQ] [AQ]O'Q Lemma D.Q(C, e)
ol = [{%]oh = [(22][A2]0h Lemma [D.9(c, e)
[!22}A2 Fe: [()2][A2}O’2 < [[ZQ}[AQ}OJQ premise
Az Fe: [.A_)}[AQ}O’Q <: [A_)HAAO’E — A/; i.h.
Ay — 24 i.h.
Ay, x: [A]o] — Al Theorem |D.5
Al = As,x 00, Ay s.b. Ay — Az and [As]og = [As]o) Lemma [D.4
Az, 00, Ay — 2 above
QL =03, :0), 24 s.t. Ay — 25 and [23]00 = [25]0), Lemma
2 [ )0 — 25,2: 00,824 above
2 — Qg Lemma [D.4]
Al Fe: [Aﬂ()’l — [Ad()’g < [Ad(fi — [Ad(fé - As Rule [A-S-ARR]
Rule D=S—ARRA} Similar to rule D=S-ARRl
Rule D-S-EXISTST}

[]A Fe:[le: [1]Tae]/a][f21]er <: [21]ea
[(Zl]Al Fe: [(21]3 a.€7 <. [(21]62

[1]A Fe:[4]]le: Tae]/aler <: [21]ea dist. of subst.
Ay Fe:[Aq]]le: Faer]/aler <:[Aq]ea 4 As i.h.
.Q]_ — QQ i.h.
AQ — 92 i.h.
Ay e [le:[A1]Ta.er]/a][Ar]er <: [Ar]ea 4 Ay dist. of subst.

Ay bFe:[A1]Tae < [Aq]ea 4 Ag Rule
Rule D-s-EXISTSR}

[ A1 Fe: [1]p <:[7/a][f]e ()AL F T
[1]A1 Fe:[21]p <: [f1]Ta.c

We have Ay, 4,06 — 21,4, a = 7 by rules [A-EXT-MARKER] and

EXT-SOLVEl

(21,94, 0 = T|(A1, P4, a) = [{1]4 defn. of app.
[(1)p = [21,»a,a="T|p defn. of subst.
[T/a][f1]e = [f1,»4, & = T][a/a)e defn. of subst.
(21,06, 0 =T](A1, s, a) e [21,p5,a="T]p premise

< [1,»4, 0 =T][a/ale

Ay pg,atbe: [A, g, alp < [Ar, g, al[a/ale 4 A i.h.
Ay — (2 i.h.

Ay pa,a b e [A]p <:[a/a][Ar]e 4 AL dist. of subst.



Bidirectional Typing for Existential Types with Higher-Rank Polymorphism 33

Ay ey, — A Theorem [D.5
AI2 = AQ, | N Az s.t. Ay — Ay Lemma m
Ag, i, Az — (2 above
2L =5, »5, 05 st. Ay — (29 Lemma
21,05, a=T7 — (25,05, above
21 — (29 Lemma [D.4
A Fe:[A]p < [A1]Fa.e d A Rule |A-s-EXI1STSR
— Rule D-S-FORALLT}

[1]A Fe:[r/a][fh]o <: [f]e ()AL F T
[Ql]Al Fe: [Ql}Va.a <: [Q]]E

We have Ay, 5,06 — 21,»4,a = 7 by rules [A-EXT-MARKER] and

[Ql, »;, 0= T](Al, | N d) = [Ql]Al defn. of app.
[t/a][f21)0 = [21,»4, 4 = T][a/a]o defn. of subst.
[f1)e = [$21,4,0 = T]e defn. of subst.
(21,04, =T](A1, s, 0) Fe:[21,a,a6=T][a/a]o premise
< [$21,a,a =T]e
Appa,abe: [A, s, alla/alo <: [Ar,pa, ale 1 A i.h.
0 — 2 i.h.
Ay — (2 i.h.
A, pa,ab e [a/a][Ar]o <: [Ar]e 4 A dist. of subst.
Ay, pq, 06— Al Theorem |D.5
A/Q = AQ, V@,Ag s.t. Ay — Ag Lemma m
Ao,y Az — (2 above
Qé = (29,045,823 s.t. Ao —> (25 Lemma
Q00,0 =T— {2,P5,823 above
& — 0 Lemma |D.4
Ay bFe:[AVa.o <: [Aj]e 4 Ag Rule [A-S-EXISTSR)
— Rule D-S-FORALLRE
[Ql]Ala ate: [!21]0'1 <: [!21}0'2
[.QﬂAl Fe: [.Qﬂol < [dea.dg
[£21,a](Aq, a) = [§1]A1, a defn. of app.
[£21,a](Ar,a) b e [f4]oy <: [f41]02 premise
Ay ab e [Ay, aloy <:[Ay, alog 4 AL i.h.
Ay — (2 i.h.

Ay ab e [Af]oy <:[Aq]oy 1 A defn. of app.
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Ay a — Al Theorem [D.5
Ay = Ay a, Az st. Ay — As Lemma |D.4
Ay, a, Ay — (2 above
Qé = 92, a, 93 s.t. AQ — QQ Lemma
21,0 — {29, a, (23 above

21 — (29 Lemma |D.4
Ay Fe:[A]or < [Ar]Va.oy 1 Ay Rule |A-S-FORALLR)

b) Suppose [Aq]o; = @, i.e. @ € unsolved (4y).

— Case [Ay]os = 7: Apply rule[A-s-MoONO| The premise unifies [A]o; and

[AQ]G’Q.

If [A1]oy = [Aq]or = a, rule applies. Otherwise, rule
UVARL| applies.

— Case [Al]dg =0 — o By Lemma m@] [01]02 = [-Ql][Al]UQ =

[f1]0c — [f21]0’. Note that [(1]o1 = 7 — 7/, so rule must have
been used.

[]AL z: []oka:[fh]o <7
[(H]AL 2 []okex: T <[]0
[(H]A Fe:m— 7 <[]0 — [(4]0

Aqla] — Aq[dy, d1, ) Rule [A-EXT-ADDUNSOLVED)]
— Aq[d2, 41,6 = d1 — da] Rule |A—EXT—SOLVE
Dla=1— 1]
— =141 =T,a =7 = 7] Rule [A-EXT-ADDSOLVED|
— Q[ =T ,d =T,a = d — do] Rule |A—EXT—SOLVED

[ 1])A, z: [ 1) = [21,2: [4]o](Ar, z 2 [Ad]o) defn. of app.
(21,2 : [1]0](A, z : [Ar]o) = [21] 4] Lemma |D.10(b)
[21]0 = [2}]o Lemma |D.9(e)
[21]0" = [92]]0’ Lemma |D.9(e)
[()dr =7 defn.
[2i]da =7’ defn.
(1AL Fa: (2] <: [2]]a premise
Al bz [Al]o < [Al]dr 1 Ay i.h.
Ay — {2y ih.

Al b x o [Allo < ap 1 Ay assumption
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[21]A] = [021]02] = [22]029 = [25] Ay Lemma [D.10(b, ¢

[2{]0" = [22]0" = [(22][Az]0’ Lemma [D.9(c, e

[QZ}AZ Fe: [QZ] o <: [_QQHAQ]OJ premise
Al — 2 i.h.
Ag ke ay <:[Asx]o’ 4 AL assumption
Ay, [A]o — Af Theorem [D.5
Aé = Ag, T :og, A4 s.t. [A;g]a'o = [Ag]a' Lemma
Az, x 00, Ay — (24 above
QL = 03,0 : 0}, 24 s.t. A3 — 25 and [23]0(, = [25][A1]0 Lemma
D,z [0 — 25,2: 00,82 above
21— (25 Lemma [D.4
Arbe:a<:[A)(o—0o')dA;s Rule |A-s-ARRL|

— Case [Ay]os = Ja.e: Rule must have been applied. The

proof given in the relevant case above will apply similarly.

— Case [Ay]oy = Va.o: Rule must have been applied. The

proof given in the relevant case above will apply similarly.
¢) Suppose [Aq]og = @, i.e. & € unsolved (A;).

The proof is similar to the previous case (using rule in the second

case instead of rule[A-s-ARRLY).

O

Theorem D.18 (Completeness of Algorithmic Instantiation). Given A; —

Ql)

a) If [ A Fe:[21]o ~ p, then there exist Ag, 29, and p' such that Ay —

QQ, Ql — 92, p = [Qg]p/, and A F e [A]}(T ~ /)/ = As.

b) If [ ]A) F [21]o ~v €, then there exist Ag, (25, and € such that Ay — (2o,

Ql — .Qg, €= [92}6/, and A [J[}(T oy e As.
Proof. By induction on the given derivation.

— Rule D-INST-REFI

[(]A Fe:o] — oy~ o] — b

Above, we have [{21]p = o} — o}. There are two possible values for [A;]p.

e [Ay]p =01 —= 02 where o} = [(1]o1 and o)) = [(1]oa:

[Ql]Al Fe: [Ql]((fl — (72) ~ [Ql}((fl — (72)

Apply rule
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e [Ay]p = a where [(4]a =7 — 72 (with 7 = 0] and 7

[!ZﬂAl |_€I’7'1 — To ~> T1 — T9

= o}):

Note that ¢ € Ay and 4 =7 € (2 such that [1]7 =71 — 7.

Let AQ = Al[dl, (ig, a=da — dg]
Let .Qg = .Ql[(il = Tl,dg = 7’27& = dl — (ig]

0a] — $1]day =71, dy = To, 0 = T] Rule

A-EXT-ADDSOLVED

—)Ql[(fl:Tl,(iQZTQ,&:dl%dg} ]
= ()
Ay = Aydr, dz, & = dy — dp]
— Ql[dl :Tl7d2 :7'2,& = dl — dg] = .Qg
A] F(‘I(AI,W(IT] —>(IAQ‘{A2
[AJa=a
Al Fe: [Jl}fl ~ (11 — (fg = AZ
[QQ](dl — dg) =T, —> T = [Ql]& = [Ql]p
— Rule D-INST-EXISTS|

Rule |A-EXT-SOLVED

defn.

Rule |A-EXT-SOLVE
Rule |A-INST-U VAR
assumption

above
defn.

[]AFe:[le: [f1]Ta.e]/al[f1]e ~ o1 — 09

[]A Fe:[21]Fa.e~ o1 — 09

[])A  Fe:[][le:Fae|/ale ~ o1 — 09
Ay bFe:[A]lle:Fael/ale ~ o) — ab H Ag
-Ql — QQ

AQ — QQ

[22](0] — 0b) =01 — 09

dist. of subst.
i.h.
i.h.
i.h.
i.h.

Ark e [AfFae~ ol > oh 44 Rule [i-1s1-Exist]

— Rule D-INST-FORALI]

[21]A Fe:[r/a)[fh]o ~ o1 — o9 [1]A1 BT

[]A Fe: [4]Va.o ~ 01 — 09

A,a— ,a=r1 Rule |A-EXT-SOLvV

[Ql, a = T}(Al, &) = [Ql]Al

[t/a][f1)o = [1/a][$21,a = T|o = [{1, 4 = T][a/alo
(1,0 =71](Ar,a) Fe:[f1,a =T1][a/a]o ~ 01 — 09
Ay,a ke [Aq,alla/alo ~ of — o 4 A

Ql — .Qg

AQ — 92

[$22](0] — 0b) =01 — 02

Ay,ate:la/a][Ar]o ~ o] — b 4 A

defn. of app.
defn. of subst.
premise

i.h.

i.h.

i.h.

i.h.

dist. of subst.

ALFe:[ANVa.o ~ o) = ob 4 Ay Rule [o-INsT-FORALI]

— Rules ID-INSTF-REFI] and [A-INSTF-FORALIL Similar to D-INST-.

O
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D.4 Completeness of Typing with Restricted Existential Inference

Definition D.19. ming(I'Fe = 0) =Vo'. I'F e = o = |3(0)| < |3(¢’)|

(Inference (1))

D-1-ABs1
Iz:THe=10 Ix:7ho~ye
afresh € =[a/le])e  ming(I'F Az, e = 7 — Ja.d)
I'FXMx.e=7— 3a.¢

D-I-ABSA1
INz:oiFe=10 I'zx:01F0o~vye
a fresh e =1[a/lels)e ming(I"F A\z. e = o1 — Ja.¢)
I'bAz:oy.e=y 01— Ja.e

D.4.1 Soundness

Definition D.20. Define o0 <3 ¢’ as follows:

— If o = Va.3b.p and o' = W’.Hgl.p’ such that aUDUT UD #+ &, then
o <30 = (3(0)] < B A (p <5 ).

— Ifo =01 = 09 and o/ =0} — 0}, then 0 <30’ == (01 <3 01) A (02 <3 7%).

— Otherwise, o <3 ¢’ == (|3(o)| < |3(d)]).

Lemma D.21 (Instantiation Preserves <3). Suppose o <3 o’.

a) IfI'te:o~pand 'te:o ~p, then p <3 p'.
b) If ' 0~y eand I' o'~y €, then e <g¢€.

Proof. a) There are two cases.

— Suppose o = p and o’ = p'.

We have I'e:p~pand 't e: p ~ p/, therefore p <5 p’ by assump-
tion.

— Suppose 0 = Va.3b.py and o’ = W’.Hgl.pé such that aUbU@ UD + 2.
We have 0 <3 ¢’ by assumption, which implies py <3 pf, by the definition
of <3. Note that we have I'e: 0~ p (I"F e : 0’ ~ p’) such that p and
po (p' and p{)) have the same number and locations of Js. This is because
substitution of monotypes cannot add or remove ds. Therefore, we can
conclude that p <3 p'.

b) There are two cases.
— Suppose 0 =€ and ¢’ = €.
We have I'F € ~»y e and 't ¢ ~~y €, therefore € <5 € by assumption.
— Suppose ¢ = Va.3b.py and o’ = W’.Hgl.p{) such that aUu @’ # 2.
We have ¢ <3 ¢’ by assumption, which implies |3(3b.p)| < |3(35/.p6)|
and pg <3 p}, by the definition of <3.
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Similar to the above, we have It o~y 3b.p (I'F o~y SBI./)’) such
that p and pg (p’ and pj) have the same number and locations of Js. This
implies that p <5 p’.

Furthermore, |3(3b.p)| < |3(35/.p’)| is equivalent to [b| < ‘5/ , which is
equivalent to |3(3b.po)| < |3(3 5/.p6)| (true by assumption).
We have shown that [3(3b.p)| < |3(E|51.p/)|.

O

Lemma D.22 (Global Deep ming). Suppose I' e = o. Let I'" be any context
such that I' and I can only differ in monotype bindings of term variables, and
let o’ be an arbitrary type such that I e = o'. Then we have o <35 0¢’.

Proof. By induction on the given derivation '+ e = o.

— Rule D=I=INTE
I

I'Fn=1Int

We can only have I’ I ¢ = Int for any I, and o <35 ¢ holds vaccously.

— Rule D=I-VARE
I z:0 €I’

I'tz=10

If o is a monotype, then |3(c)| = 0 so the claim holds trivially.

If o is not a monotype, then we must also have z:0 € I since I" and I’
can only differ on monotypes. Therefore we can only have I + z = o, and
o <3 o holds vaccously.

— Rule D--ANN

I'Fe<=o oo
I'kF(e:o)=10

We can only have I’ - ¢ = ¢ for any I, and o <35 ¢ holds vaccously.

— Rule D--ABgt

Iz:THe=10 Ix:7kF 0o~y er
a fresh es = [a/|e1] )€1 ming(I' - Az, e = 7 — Ja.e;)

I'EXzx.e=17— Ja.e

Suppose the alternative derivation tree is as follows:

I'rz:T"Fe=o' I'z:7 ko ~vye) b fresh eh = [b/|€1]z]€}

I'FXz.e= 7 — 3b.e)

Let eo = 3@’ .p and € = 3b.p'. We need to show 7 — Ja.e; <3 7/ — 3b.ch.
By definition,
T = 3Jae <37 — 35.6'2 =7 —3dadd.p<s1 — 35.35/./)’
=(r<a7)A@a3d.p <5330 .0)
= (r<37)A(33Fa.€)| < 13(3b.ey)|) A (p <3 p')
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By the definition of ming, we can conclude |3(7 — Ja.€)| < [3(7/ — Ib.¢')] di-
rectly from the last premise of rule[dD-I-ABs1} which is equivalent to [3(3a.€)| <
|3(3b.€')|. Moreover, 7 <5 7' is true trivially. It remains to show p <3 p'.
Note that I,z :7 and IV, z : 7’ only differ in monotype bindings of term vari-
ables. Then the induction hypothesis applies to the first premise, so o <3 o’.
Instantiation (Lemma and substitution of monotypes will both preserve
this relation, therefore p <3 p’ is true.

— Rule D-I-ABSAL

Iz:o1Fe=10 Iz:01F o0~y e
a fresh €2 = [a/|e1]s]en ming([' = Az. e = 01 — Ja.€2)

I'tXz:01.e =101 — Ja.e

Suppose the alternative derivation tree is as follows:

I''z:o00Fe=o I z:01F o ~vé b fresh ey = [b/]€)]]€)

F/F/\{I,’fol.(ié()'lﬁa?).fé

Let e; = 3@’ .p and ¢ = 3b.p’. We need to show o1 — Ja.ex <3 01 — 3b.ch.
By definition,

o1 — Jda.ea <z o1 — 356’2 =01 — EIE.EIE’.p <jo; — EIEEIE’,O’
= (0'1 <3 0'1) A\ (EIE.EIE’.p <3 EIE.EIEI.p’)
— (01 <5 o0) A (3FTe2)] < [FEBE)) A (p <3 0

By the definition of ming, we can conclude [3(o; — Ja.€)| < [I(oy — Fb.€')]
directly from the last premise of rule which is equivalent to
|3(Fa.€)| < |3(Fb.€")|. Moreover, o1 <3 oy is true trivially. It remains to
show p <5 p'.

By the induction hypothesis on the first premise, we have o <3 ¢’. Instan-
tiation (Lemma and substitution of monotypes will both preserve this
relation, therefore p <3 p’ is true.

— Rule D-I-APp}

I'Fe=q0 I'te:0~ 07— 09 ' e < oq

I'teey =1 09
Suppose the alternative derivation tree is as follows:

I'ke=o I'te:o ~ o] =0 I'ke <o

I'Feeq =>(f</2

We can write o = Va.3b.03 — 04 and o/ = Va'.3 El.ag — o), by the definition
of instantiation. By the induction hypothesis, we have o <5 ¢’, which implies
o3 <3 0% and o4 <3 o}. Instantiation preserves this relation by Lemma
so we have 01 <3 ¢f and o9 <3 d}.
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O
Lemma D.23 (Global min3). If ' e = o, then I' - e = o and ming(I' e = o).

Proof. Clearly I' F e = o holds since = is a restricted form of =.

Lemma is a stronger version of the second part of this lemma. To see
this, let o’ be an arbitrary type such that /" - ¢ = ¢’. Then by Lemma[D.22] we
have o <3 ¢’, which implies |3(o)| < |3(c”)]. O

Definition D.24. |o| :={|e:Ja.€] | |e: T a.€] is a sub-expression of o}

Definition D.25. — min|,|([Nz:7Fe=0) = Vo',7'. INz:7'Fe= 0o =
(Ilo]z| < [lo']2l)

—min (INz:7heio~p)=Vp', 7. o' Feio~ p = (|lple] <I1p']2])

—min (INz:7Eo~wye) =V, 7. INo: 7' F o~y d = (le)e] < [L€]s])

Lemma D.26 (min|.| of Algorithmic Typing). Given Ay — 2,

a) If Ayl e = o - Ay, then [2]As e = [2]o and min| ([2]As F e = [2]0).
b) If Ay b o~ p Ay, then [2]As b e [Q2]o ~ [2]p, and
min .| ([2]Az F e [2]o ~ [2]p).
c) If Aoy p A Ay, then [Q2]As = [Q2]o ~y [2]e, and min|. | ([2] Ay - [2]o ~y [2]e).

Proof. The corresponding declarative judgements hold by Theorem [D.16]

The only declarative rules which are non-deterministic in terms of the number
of projections in the output are rules [D-I-ABS], [D-INST-FORALL] and [D-INSTF-|
FORALL| In our case (i.e. in the declarative judgements corresponding to algo-
rithmic judgements), the guessed 7s are equal to the solution of some unifiction
variable @ in {2, which is unsolved in As. Then [£2]é must not contain any -
projetions by the definition of —. Therefore no other guessed 7 can lead to a
lower number of z-projections. O

Theorem D.27 (Soundness of Algorithmic Inference (1)). Given Ay — 2, if
A1 Fe= o Ag, then [!Z}AQ Fe =1 [_(2}0'

Proof. By induction on the given derivation. We will omit some details provided
in the proof of Theorem [D.16]

— Rules[a-TI-INT] [ A-1-VAR] and [ A-1-ANN} Apply the corresponding declarative
rule. The declarative rule is deterministic, therefore ming is true trivially.

— Rule [A-I-ABgt

A, a,z:abe= 04, Ao b o~wyedAs,z:a, Ay
€1 = [Asz,z: a, Ayle a fresh es = [a/|€e1] )€1
Al FAz.e=a— HW.FZ — A; <A4>

Let ' =,z : a,|As] where Ag, (Ay) — Ay, Ay. Similarly to the proof of
Theorem [D .16

[(21])As, 2 [2aFe=1 [f4]o Theorem
[!21]A3I‘ . [.Q/}(A) [ [Ql}(f MY [Ql]F

[@/|[f21)e]z][f1]e = [f]e2
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We need to show ming([{21]As F Az. e = [4](a — Fa.€)). Consider the fol-
lowing arbitrary derivation tree for Az. e:

[(1]As,2:7Fe=0
(A, z:7 0 ~ye)  bfresh ey =[b/[€)]a]e]
[(21]A3 Flr.e=T— 3?)6/2

We need to show |3([£21](a — 3@.€2))| < |3(7 — Fb.€y)|, which is equivalent

to [3([$1]Fa.€2)| < [3(3b.€h)].
By Lemma min .| ([21] Az, 22 [$2]a b [21]o ~y [21]€), so ||[f1]e].] <
|L€} ]| This implies that [a| < [b].
By Lemma[D.22]applied to the first premise, we have [21]o <3 ¢’, so |3([{21]€)| <
|3(e})] by Lemma Substitution doesn’t change the number of Js, so
3([]e2)| < [F(er)]. _
We can conclude that [3([$21]Fa.e2)| = [a| + [3([21]e2)] < |b] + |3(eh)] =
|3(3b.€5)|.

— Rule [A=I=ABSA! Similar to rule [A-I=ABS

— Rule [A-I-APP}

Jl Fe= o JZ
Azké’l[ﬂz}/)wﬁlﬁﬂ'g%A;; A;;Fﬁl@[ﬂjg}ffl4ﬂ4
Al k(’,(‘l = 02 . Al
Similarly to the proof of Theorem
[RALF e =1 [Qo
(2]ALF e [2)o ~ [R)oy — [2]o
[Q]A4 F €] <= [Q}(J‘l
[Q]A5 - eey =1 [2]os Rule [p-1-APP|

O

D.4.2 Completenesss

Theorem D.28 (Completeness of Algorithmic Typing (1)). Given Ay — (24,

a) If [£1]A F e =1 o, then there exist As, (2o, and o’ such that Ay — (s,
2 — 2y, 0 =[]0, and Ay e = o H A,

b) If [(1]A F e < [(1]o where Ay F o, then there exist Ay and 25 such that
Ay — QQ, 2 — QQ, and A e < [AJO' = As.

Proof. By induction on the given derivation.

— Rule p-I-INT} Apply A-I-INT.
D-L-VAR:

— Rule
z:0 € [(1]4
[Ql]Al Fr=10
r:0 € [{h])4 premise
z:0' € Ay st [f]0' =0 defn. of context application

AMFz=0 414, Rule A'I'VAQ
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— Rule D--ABst

[]A,z:THe=10 []AL,z:TH 0o~y e
a fresh es = [a/|e1]s]er ming([{1]A F Xz e = 7 — JT.e)
[1]A1F Az e =1 7 — Ja.e

[1,a=7,2:7|(A1, 8,2 : a) = [(1])Ar,z:7 defn. of app.
(1, a=T1,2:7](A1,0,2:a) Fe=10 premise
Aa,z:ae= o0 Ay i.h.
AQ — .QQ i.h.
Q,a=1,x:71 — (2 i.h.
o =[]0’ i.h.
(1, a=T1,2:7](A1, 8,2 : a) =[] Az Lemma [D.10(b, c)
[(25]Ag B [(22]0 ~y €1 premise
Ao b [As]o” ~y € 14 Af Theorem |D.18
Al — 2 Theorem [D.18
2y — 2} Theorem [D.18
€1 = [25]€o Theorem [D.18
Ay a,x:a — Al Theorem [D.5
Aé = Ag,x : T(),A4 S.t. Al — Ag and [Ag]TO = [Ag]& Lemma m
Ag, X 7o, A4 — .Qé above
2 = Q3,075,824 st. Ag — (23 Lemma
Q,a=1,2:7 — 23,2:7), {4 above
27 — (23 Lemma
Ay — Az — Az, (Ay) Rule [A-EXT-ADDUNSOLVED)|
Ag, <A4> — 037 ‘<A4>‘ Lemma |D11
21 — 025, |(Ag)] Rule |A-EXT- ADDSOLVED,

Let €] = [A%]eo.

Let & = [b/ |, |, Jel-

Ayt Az, e = a— 3b.e)y 4 As, (Ag) Rule [a-1-ABg]
We want to show 7 — Ja@.ea = [§23,[(A4)|](a — Tb.€h). By Lemma
we know that [£23, [(A4)|]a = [(h,d = 7,2 : 7]a = 7. Then we need to show
36.62 = [93, |<A4>|](E| b6’2)

We claim that €; and €] have the same set and locations of z-existential
projections, since otherwise the ming constraint would be contradicted.
Suppose for contradiction that €; and €] have different z-existential projec-
tions. From above, we know that e = [£2%]eyp and €]} = [Af]eg. Therefore,
there must exist (at least one) unification variable b such that b is unsolved
in Ay = Az, z: 719, A4 and solved in 25 = 25,2 : 7, £24 with a solution b=r1'
such that 7/ contains an z-existential projection. Note that bis in Ay and (24
respectively, since it must appear after x.
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Let (2} be 24 but with solution of variables appearing in (A4) replaced by
Int. Note that Az, z: a, Ay — 23,z : 7,2} holds.

Ala,z:ae= o0 Ay above
Ay — Q23,2 :7,82) Lemma |D.3(b

(23,27, 24| As b e = [23,2: 7, (2]0’ Theorem [D.16
Ag = [Ai}ﬁ/ ~y €g 4/4 above

AL — 23,37, 82)
(23,27, 2| AL F [025, 27, )]0’ ~>y [25, 27, 82)]€o

Let €] = [23, 2 : 7, 2]eo.

Lemma [D.3(b)
Theorem |D.16
Let €] = [¢/[ €/ .)€l

(25, x:7, 2)|(As, x:6, Ay) = [25,2:7, 2] Ay = [£23] A1 = Lemma [D.10(b, ¢)

[£21] A

[(21)A1 F Az e = 7 — 3C.€] Rule [p-I-ABs
We have €] = [(23,2: 7,2)]eg and €] = [Asz, z : 79, Ayleg. We know that all
unsolved unifications variables in Ay are solved by Int in (2). Therefore, it is
not possible for €] and €] to have different z-existential projections.

Then, by assumption, we have ||€]],| = ||€\]z| < |l€1]z], which implies
|3(r — 3Fc.€f)| < |I(r — Ta.e2)|. This contradicts the assumption that
7 — Ja.€5 has the minimum number of Js among the possible inferred types
of Az. e. We have shown that €; and €] have the same set and locations of
x-existential projections.

(23, 21)¢; = [24]¢) 05,05 0,
= [23][b/ €1 ] )€} defn. of €,
= [b/ L) ][925)¢} (%)
= [b/[€1)][925][A5]eo defn. of €]
= [b/ €1 ]2 ][]0 Lemma [D.9(c)
= [b/le1)a]en above
= [b/le1)sler (%)
= €2 defn. of e;

Here (*) refers to the fact that e; and €] have the same set and locations

of z-existential projections. Therefore, we have shown that 7 — Ja.eo =
[93, 95](& — E'bEIQ)

— Rule D-I-ABSAL} Similar to rule D-I-ABsl

— Rule D-I-AFEl
[_(21]A1 Fe =10

[H1]A1Fe:io~ 01— 09

[1]A1 F e <oy

[Ql]Al H ee|p =1 09
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A] F(,’jﬂ/#ﬂg
Ql — QQ
AQ — 92
o =[]0’

[$1]A1 = [21]61 = [§2:]02, = [125] A,
o =[]0’ = [§][As]0’

[!22}A2 Fe: [[22][A2}0J ~ 01 —> 09
Ag ke [Ag]o! ~ o] — oh 1 A

92 — 93

Ag — 93

o1 — 09 = [23](c] — 0})

[(1]A1 = [fa]6 = [£25]025 = [125] A3
o1 = [25]oy = [125][A5]oy

(23] A3 F e1 <= [23][A3]o}

A;g Fel <= [A;;}O'] Ay

03 — 94

A4 — 94

Ql — 94
Al F ee| = (7./2 — A[
oy = [23]0y = [£24]0y

— Rule D==ANN

[IZI}AI Fe<=o

Lemma |D.10(b, c)

Lemma [D.10(b, c)
Lemma [D.9(c

oo

[1)A1F(e:0)=10

o doesn’t contain any type variables
o= [Alo = [2]o for any A and {2
[Ql]Al Fe<« [Ql]ﬂ'

A] Fe<« [AI}U = JZ
Ql—>92
AQ—)QQ

AFe<=odA,
A F(e:o) =04,
[()oc=0c

— Rule D=C-Sunt

[!21]A1 Fe=10

[IZI}AI Fe:o<: [!Zl]p

[21]A; F

e < [fu]p

Lemma [D.9(c)

premise
Theorem |D.18
Theorem |D.18
Theorem |D.18
Theorem |D.18

premise
i.h.
i.h.
i.h.

Lemma [D.3(b
Rule [A-1-APP
Lemma [D.9(e

2nd premise
above
1st premise

i.h.
i.h.
i.h.

above

R [o-An

above
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AlFe= o A, i.h.
.Q]_ — QQ i.h.
AQ — .QQ i.h.
o =[]0’ i.h.
[QI]AI [Q ]Q]_ = [ ] [QQ]AQ LemmalDlO(b, C)

= [(%]o’ = [25][Az]0’ Lemma [D.9(c)
[£22]p = [22][As])p Lemma [D.9(c)
[$22] Ao e [§:][Ag]0” <: [(2][A2]p premise
Ag ke [As]o! <: [As]p 4 A Theorem |D.17]
25 — (23 Theorem |D.17]
Az — (23 Theorem [D.17]
Arbe<=pdA; Rule |A—C—SUB

— Rule D-C-ABst

[1]A,z:0 F e« o)

[]A1 F Az, e <= 0] — )

Above, we have [21]p = o} — o}. There are two possible values for [A;]p.

e [Ay]p = 01 — 02 where o = [{21]o1 and o}, = [(21]o2:

[Ql]A17{I} : [.Qﬂ()’l Fe<« [91]02
[ A1 F Xz, e <= [21])o1 = [$41]02

Al,x:[Al]al —)Ql,.’L’I[Ql]Ul Rule

[.Ql,ZL' : [01]01](A1,x : [Al]dl) = [Ql]Al,CL' : [(21]01 defn. of app.
[1])o2 = [$1, 2 : [f1]o1]02 defn. of subst.
(21,2 : [1]01](Ar, 2 : [Ar]or) F e <= [21, 2 [4]o1]o2 premise
Ay x:[A]oy e <<= [Arx: [A]or]og A i.h.
91727 : [91]01 — .Qé i.h.
Ay — ) i.h.
A|.,’L’Z[A|}O’|F(i@[ﬂ|}()’24ﬂé above
A,z [A]or — Al Theorem
Al = Ag,x 101, Ag s.t. Ay — Ag and [As]oy = [As]o] Lemma [D.4
Ay x 0y, Az — (2 above
2=y, x: 07,025 s.t. Ay — (25 and [(%]0] = [$22]0f Lemma
D,z [)or — (,2x: 07,025 above
Ql — Qg Lemma [D.4]
Jl FAz.e< [Jd(()’l — 0'2) = Aq Rule |A-Cc-ABS

e [Ay]p = @ where [{1]a = 11 — 72 (with 71 = o} and 7 = 0}):

()AL, z:mbFeen

[(H]ATFE Xz . e<=T1 = T
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Let All = Al[(iz, Cil, a=da — 072]7113 1 dy.

Let .Qi = 91[072 = Tog, dl =TI, a = dl — sz],.%‘ 1T

[£21]A7 = [f1] 4, defn.
Tg = [Q{]ng defn.
[21]A] F e < [2]]a2 above
Al ke« ay A, i.h.
) — 2 i.h.
Ay — (2] i.h.
A=Ay dp — A Theorem [D.5
AIQ = AQ, x:00, A3 s.t. Al — AQ and [AQ]O’O = [AQ](il Lemma m
Ao,z 00, Az — 2 above
2L =y, x:00, 25 8t. Ay — 29 and [22]0( = [{22]00 Lemma
N =,z — 29,2:0(,82 above
21 — {2 Lemma [D.4
AlFe<=a-A, Rule [A-1-ABSU VAR

— Rule D-c-ABSAL

[21]AL,z:0) F ool <o [(1]A1, 207 F e <o e oy
[(H]A1 F Az 200 e <= 0] — 0}

Above, we have [21]p = o} — ob. There are two possible values for [A;]p.
e [Ay]lp = 01 — 03 where o] = [21]o; and o}, = [21]o:

[(Zl}Al,[IJ : [(21]01 Fa: [.(21}0'1 <:0p
[_(21]A171L'2[.(21}0'1 Fe<« [_(21]0'2 ."O'()

[Ql]Al Az 0p. € <= [Qﬂ()’l — [91]02

Al,l'ZUl—)Ql,Z'I[Ql]O'l Rule

(21,2 : []o1](Ar, 2 :01) = [f1] AL,z (4]0 defn. of app.
[f1])or = [$1, 2 : [f4]o1]o defn. of subst.
(21,2 : []o1](Ar,xc0o0) b o [, 2 [21]o1]or <: [£21, 2 : [£21]o1]opremise
Ay ziorba: [Axoq]oy < [Ar,z:01]og 1A Theorem
Ql,x : [01]01 — Qé 1.h.
Ay — ) i.h.
Ay z:io1 b x: [Alor < oo AL above

(21, z:[$]o1)(Ar, x:01) = [21, 2:[21)01] (1, 2 : [1]07)
= [024]02, = [25] A, Lemma |D.10(b, c:
[21]oa = [24]oe = [£25][AL]o2 Lemma [D.9(c

[125] AL+ e <= [025][AL]os premise
AL ke <= [Al)og 4 AL i.h.
2 — 2 i.h.

Al — (2 i.h.



Bidirectional Typing for Existential Types with Higher-Rank Polymorphism

Al,.’E 01— Al3

AL = Az x:0f, Ay st Ay — Az and [As]og =
Az x:0f, Az — (2

Qé = 93727 O’i”,94 s.t. Ag — 93 and [93]0'11/ = [03]0'3”
9171' : [01]01 — .Qg,IL’ 0/1//,94
Ql — 93

A FE A 0g- (C[A}((ﬂ%(fg)_{ﬂg

[As]oy

Lemma [D.4]
Rule [A-Cc-ABSA

o [Ai]p = @ where [{1]a = 11 — 1o (with 71 = o] and 72 = 0}):
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Theorem

[H]AL,z:mbFa:m < og [H]A,z:mmFe<sn el oy
[H]A FXz:0p. e — T

Let A} = Aq[dy, 41,8 = dy — dp),z: dy.
Let 2] = (1 [dy = 7o, d1 = 71,4 = dy — da],z: 71.
(2] A =[] 4 defn.

= [2]]a defn.
T2 = [Qﬂ(ig defn.
oo doesn’t contain any type variables 3rd premise
oo = [Alog = [2]op for any A and 2 above
[ AL a: [2]]ar <: [£2f]o0 premise
Al bE oz [Al]a <: [Al]og 4 A i.h.
] — 02 i.h.
Ay — (2] i.h.
Al b a o dy <o A, above
(2] A} = [021]021 = [25]825 = [25]) A Lemma [D.10(b, ¢
Ty = [!21 dy = [25)ax = [25][AL) a2 Lemma [D.9(c
[0 AL e < [£24][AL] do premise
AL ke« [Ab]ax 4 Af i.h.
) — 2 i.h.
Al — (2 i.h.
A=Ay dp — AL Theorem |D
A = As x 7], Ay st. Ay — Ag and [As]ldy = Lemma [D
[As]r]
Az x 1, Ay — ab
0L = 5,007,024 st. Az — 25 and [{5]r = LemmaD_
[$23] 7
Ql,x:ﬁ%(zg,x:ﬂ’,(h abﬁ
21 — (23 Lemma [D.4
A] Az 0p. € <= {AJ(AI = Ag Rule |A-C-ABSAUVAR

— Rule D-C-EXISTS

[21]A1 e < [7/b][f]e [])A F T
[Ql]Al Fe<« [91}3 b.e
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A1,>3,8—>91,>g,?)=7'

(21,95, 0 = 7](A1,»5,0) = [21]4,
(21,95, b = 7le = [1]e

[T/b][$1]e = [T/b][gl,bg,i) = 1le =
T][i)/b]e
[Q1,05,0=7](A1,»5,0) Fe < [2,p;,b=1][b/b]e
Ay, p, e <= [A, g, b][b/ble 4 A
Q,pp,b=7— 2

AL — (2

[A1, 0, b][b/ble = [Ar, 5, B][b/ble = [b/b][Au]e
A, b e < [b/b][Ar]e 4 A

A pg, b — A

AIQ = AQ,PE,A:; s.t. Al — Ag
AQ,VB,A;; — Qé

Qé = QQ,PB,Qg s.t. Ay —>
Ql,bg, i) =7 — QQ,PE, 23

Ql — QQ

Ay ke« [A]Tbe A,

— Rule D-C-FORALI}

[1]A1,a bk e<= [0
[(21]A1 Fe <= [ ]Va.o

Al,a — Ql,a

(21, a](A1, a) = [f1] A,
[£21,alo = [fX4]o
[£21,a](Ar,a) b e <= [, a]o
Ajya b e < [Ay,alo 4 A,
Ql,a — .Qé

Ay —

Ara ke < [A]o 4 A,

Al,a — A/Q

AIQ = AQ, a,Ag s.t. Al — AQ
AQ,G,AQ, — .Qé

Qé = Qz, a, (23 s.t. AQ — QQ
Ql,a—>!22,a,!23

Ql — .QQ

Ay ke << [A]Va.o 4 Ay

[91, Pl;, I; =

Rule [A-EXT-SOLVE

defn. of app.
defn. of subst.
defn. of subst.

premise

i.h.

i.h.

i.h.

defn. of subst.
above

Theorem |D.5|
Lemma |D.4

above

Lemma

above

Lemma [D.4
Rule |A-c-EX1STS

Rule [TV

defn. of app.
defn. of subst.
premise

i.h.

i.h.

i.h.

above

Theorem |D.5|

Lemma m

above

Lemma

above
Lemma [D.4
Rule |A-c-FORALL

O
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D.5 Completeness of Typing with Restricted Existential

Instantiation
(Inference (2))
D-1-APP2
I'Fe=q0 ming(I' e = o) I'ke:o~ 01— 09 I'k e <5 04

I'Feep =9 09
D-I-ANN2
I'Fe<s0 oo

I'(e:o0)=90

(Cneting (2)

D-C-SUB2
I'Fe=90 ming(I" - e = o) I'Fe:o<:p

I'Fe<yp

Theorem D.29 (Soundness of Algorithmic Inference (2)). Given Ay — 2, if
Ay be= oA, then [Q]As F e =4 [2o.

Proof. By Theorem [D.27] we have [2]A; t ¢ = [2]o. Then, by Lemma [D.23]
we have ming([£2] Ay - e = [2]o). This ensures that the ming conditions in rules|d-
[APP2] and D-C-SUB| is satisfied whenever encountered in the derivation of
[2]Ag b= e =5 [2]o. The remaining parts of the proof are the same as Theo-

rem [D.16] O
(Compatibility)
R D-CMT-ARR D-CMT-EXISTS
D-OMT-REFL tk oy <ol ch[e/aler < [e/bles
cto<o ckoy — 09 S0 — 0 c,ckFaer < Tbey

D-cMT-ExXI1STSR
¢k €1 S [C/(l]€2

¢,cker <Tae

Lemma D.30 (|3| Inequality of Compatibility). If¢t oy <

~

|3(02)]. Moreover, |3(o1)| = |3(o2)| if and only if o1 = 02.

o2, then |3(o1)| <

Proof. By induction on the given derivation.

— Rule [p-cMT-MONO} We have |3(o1)| = |3(02)| and o1 = 0.
— Rules [D-CMT-ARR| and [D-CMT-EXISTSR} Apply induction hypothesis.
— Rule D-CMT-EXISTS

chk e <[c/ales
C,E" €1 S 3(1.62

By the induction hypothesis, |3(e1)| < |F(e2)], so |3(e1)| < |F(e2)] < |F(e2)| +
1=13(F a.e2)|. We have |3(F a.€1)| # |I(e2)| and Fa.€; # €.
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O

Theorem D.31 (Completeness of Algorithmic Typing (2)). Given Ay — (2,

a) If [{1]A F e = o, then there exist As, 29, and o' and ¢ & dom (£21) U
dom (As), such that ¢, Ay — (2o, ¢, 21 — (2o, A e =0 4 A, and
thk [(%]o" <o

b) If [{21] A1 b e <=5 [21]0 where Ay - o, then there exist Ay and (2o such that
Ql — .Qg, Ag — QQ, and A\ F e <= [Ad()’ - As.

Proof. By induction on the given derivation.

— Rule D—I—INTt Apply A-1-INT. Rule implies ¢ F Int < Int.
— Rule D-I-VAR}

r:.o € [Ql]Al

[Q]]A] Fax =9 0
r:0 € [f4]4 premise
z:0' € Ay st [f]0' =0 defn. of context application
Al Fo= o 4 Al Rule A—I-VAEI
[¢,1)0" = [fh]o’ =0 defn. of subst.

¢k e, <o Rule

— Rule

[H]A,z:THe=20
[]A, 270~y e a fresh es = [a/|e1]]er
[Ql]Al FAzx.e=o 17— da.e

[, a=1,2:7](A1,0,2:4) = [{1]A,z:7 defn. of substitution
(1, a=72:7](A,G,2:a0)Fe=90 premise
Ay, a,r:aFe= o0 A, i.h.
¢ h,a=T1,x:71 — (2 i.h.
c, AQ — Qg i.h.
tk[(klo' <o i.h.
[2:] (T, Ag) = [§22]92, Lemma [D.10(b, ¢)|

=[G, a="2:7)(C, 1, a=T,x:T)

= ?,a=1,2:7|(c,A,a,2: a)
[1,a=7,2:7|(A1,8,2:a) F o~y e premise
[E, 21,6 =T,2:7)(C,A1,0,2:a) F 0~y € weakening
[QQ](E, AQ) Fo ~ry €1 above
¢, Ay [, As]o’ ~oy €] e, Al i.h.
¢, Ay — (2 ih.
ch[24)e S e i.h.

Ay [A»}(T/ ~ry 6(1 4 A; ¢ ¢ dom (Ag)



Bidirectional Typing for Existential Types with Higher-Rank Polymorphism 51

Ay a,0:a — Al Theorem [D.5
A= Az, 19, Ay 860 Ay — Ay 6 — As Lemma |D.4
and [Ag]To = [A3]d

¢, Az, x: 70, Ay —> 2 above
QL =72 05,2 :7), 24 s.t. A3 — 25 and [As]ry = [As]7)) Lemma
e, a=T,:7 — 3,27, above
¢, —c, 2, a=17— (23 Lemma
A — A a — As — Az (Ay) Rule [A-EXT- ADDUNSOLVED|
Let §2) consist of the the solutions of (Ay) in 2.

c, Ag, <A4> — .Qg, ‘Ql/l defn.
G — D, a=1— 23,9 Rule [A-EXT-ADDSOLVED|

Let €] = [Af]€].

ck [ S e above
Let ) = [b/| €} .]€].

Arb Az e = a— 3b.éy 1 Ag, (Ag) Rule [a-1-ABg]
It remains to show that §25, 27 - [§25, 27](a — 3b.€y) <: 7 — Jad.€3 for some
QZ such that c, A3, <A4> — Qg, .QZ and c, 2 — .Qg, .QZ

Given 25 b [25]€] <: €1, we know [£25]€] has the same set and locations of
x existential projections as €;. €] has a (non-strict) subset of the occurrences
and locations of z-existential projections of [24]€] (and of €;). By alpha equiv-
alence, WLOG we can assume that b C a. Let @ be the remaining variables
in @. In the < judgmenet, @ are replaced by type variables ¢. Let ¢ C ¢ be
the variables corresponding to @’.

Recall that 2 = Ag, z : 79, {24, so if there are any additional x-projections
in [25]€] as compared to €] (i.e. projections corresponding to @), they must
be introduced in £24. Let 2/ be 2} with these projections substituted by the
corresponding variable in @ (which also corresponds to a variable in @'). Note
that ¢, As, <A4> — (23, QZ and ¢, 7 — (23, QZ hold.

Given the above, by starting from ¢ b [(2;]€] < ¢; and applying rules
|[Ex1sTs|and [A-CMT-EXISTSR|repeatedly as appropriate, we can conclude that

¢k [!23, QZ{](H bEIZ) S 36.62.

By the definition of extension, [§23,§2/]a = [f21,4 = 7]a = 7. Then, by
Rule we have ¢ b [(25, 2/](a — 3b.el) <7 — Ja.ea.

— Rule D-=APP2

[(]A1Fe=20 ming([{1]A1 e = o)
[1]A1Fe:io~ 01— 09 [1]A1 F e <=2 01

[Ql]Al H ee| =9 09
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A Fe= o HA,
C, Ql — QQ

C, Ag — .QQ
ch[hlo' <o
3(0)] > 1312210

[22]622 = [§25] (e, As)
](( Al) Fe= [.Qg]
.Ql}A Fe= [.QQ]
3([(21]A1 Fe= O')
|3(0)| < [3([22)0”)]
13(o)] = [3([£22]0")]
o = [{2]o0’

[£2:

[E, .Ql](c A ) [C 01](6 Ql) =
[e, 2

[

[.Ql}Al Fe: [._(22]0/ ~ 01 —> 09

[E, .(21](@ Al) Fe: [\(22}0/ 01— 09
[£2](¢, Ao) ke []0" ~ o1 — 02
C,As Fe: [As)o’ ~ o] — oh 1T, As
.QQ —}!23

c, Ag — .Qg

g1 — 09
Ay e

= [25](01 — 03)
[Asg]o” ~> 0] — o4 4 A

[(_37 Ql](a Al) = [Ev Ql](Ev Ql) =
o1 = [{23]01 = [123][¢, Asloy = [
[.Ql}Al = €1 <2 [(Zg][A'g}O'i

[E, .(21](@ Al) = €1 <2 [.(23] [Ag}O'/l
c, A;j H €] < [A;;}(T/I —e, Al

93 — (2

(251925 = [£23] (e, As3)
25)[As)oy

C, Ay — (2

A;F(lﬁ[J }0’14A4

A bee;p = o+ Ay
(4]0 = [£25]05 = 02
ck [4]oh < oo

D-1- ANN2I

[Ql}All_(’/@QO' oo

[21)A1F(e:0) =20

Lemma

Theorem [D.16
Lemma [D.10(b, ¢

above

¢ ¢ dom (Ay)

premise

defn. of ming
above

Lemma

premise
weakening
above
Theorem |D.18
Theorem |D.18
Theorem |D.18
Theorem |D.18
c g dom (Ag)

Lemma [D.10(b, ¢
Lemma [D.9(c
premise
weakening
above
i.h.
i.h.
i.h.
C g dom (Ag)

Rule |A-1-APP
Lemma [D.9(e

Rule |D—CMT—REFL
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o doesn’t contain any type variables 2nd premise
o= [A]o =[]0 above
[Ql]Al Fe <9 [Ql}(f 1st premise
A] Fe<« [A]}O’ = A2 i.h.
21 — (2 i.h.
AQ — 92 i.h.
AFe<sodA, above
A F(e:o) =044, Rule
[¢,{%]o=0c above

ol o < o Rl oo Ree]

— Rule D-c-SUBZ
[(ZI]AI }_6:>20' ming([QﬂAl |_€:>O') [_(21]A1 Fe:o<: [!21][)
[Ql]Al Fe <9 [_Ql]p

Ak e= o 4 A, i.h.
c, AQ — .QQ i.h.
¢, — () i.h.
th[(xlo' <o i.h.

3(a)] = [3([2:]07)] Lemma [D.30]

25]As F e =[]0’ Theorem |D.16
E, Ql]( A ) [E, .Ql](é, Ql) = [QQ]QQ = [Qg](a Ag) Lemma [D.10 b, C
N A

[
[
e,
[

¢, (@A) Fe= [Qg](f’ above
Q }A Fe= [.QQ] c g dom ([QI]AI)
ming([{4]A F e = o) premise
[3(0)] < |3([£2:]0")] defn. of ming
3(0)] = B([22]0)] above
o =[]0’ Lemma
[f21]p = [$22]p Lemma |D.9(e)
[1]A Fe: [0 <: []p premise
[¢, 1], Ay) Fe: [Qg}a/ <:[fL]p weakening
[QQ](E, Ag) Fe: [QQ] ! [Qz] above
¢, Ay ke [As]o’ < [A ]p H¢, A Theorem
¢, A3 — (23 Theorem
25 — (25 Theorem |D.
A) Fe [Az}(f < [AQLU = A;g c g dom
[£22]p = [22][A1]p Lemma
AZ Fe: [A_}(T < [A_)HA[}/} = A; above

Al be<=[Al]p Az rule
— Rules|p-C-ABS| [D-C-EX1STS| and [D-C-FORALLE Proof similar to Theorem|[D.28

O
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E Core Language

The core calculus, presented below, is the same as the one in Eisenberg et al. [2],
which is proven to be type-safe through syntactic type soundness [3]. Expressions
e are explicitly typed, and thus include type abstractions Aa. e and applications
et, explicit packing packt;,easts and opening opene, and casted expressions
e >~ with type coercions . Types t include, among other forms, polymorphic
and existential typesE We refer interested readers to Eisenberg et al. [2] for more
details.

type =a|lnt|ty = t2|Va.t | Jat] |e]
expression e :=n|z|Az:t.e|eres| Aa. e|et| packty,easty
| opene | ey
value v:=n|Az:t. e| Aa. v | packty,vasty | packty, v > yasts
type coercion v = (t) [ symy [ 15572 | (0] | 11@Q@~; | projpackti, easts
|71 — 72 | Vay | Jay | fsty |sndy
expression coercion n :=e > | stepe
context G:=e|z:t]|a|Gy, ..,G,
(Context Well-Formedness)
E C-CWF-VAR C-CWF-TVAR
C-CWE-EMPTY GkHt z & dom (G) FG a ¢ dom (G)
He FGz:t FG,a
GkHt (Type Well-Formedness)
C-WF-INT C-WF-VAR C-WF-ARR C-Wr-EXISTS
FG FG a € G GFt GFty G,akt
GFInt Ghka GFt; —ts Grkdat
C-WF-FORALL Cc-wWr-PRrOJ
G,akt FG fv(e) C dom (G)
GHFVat Gl |e]

! As Eisenberg et al. [2] noted, elaboration of source types can be non-deterministic:
expressions inside the existential projection |e : ¢] may have different elaborations
due to non-deterministic type choices. As a result, equivalent types in the source may
not remain equivalent in the core. We follow EDWL to use core expressions instead
of source expressions within existential projections when establishing elaboration
soundness.
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(Ezxpression Typing)

c-e-INT C-E-VAR C-E-ABS
FG FG z:t € G G,r:tiFe:t xz & fv(ta)
GFn:lint GrFzx:t GFAz:t1.e:t1 — tg
C-E-APP c-E-TABs
erlitl%tg GFEQZtl G,aFe:t
GlFejey:ty GF Aa.e:Va.t
c-eE-TAPP Cc-E-PAcCK
GFe:Vat; Gty GFt GF3Ja.ty Gt e:[t1/a]te
Gt ety : [ta/alty G I packty,easJa.ty : Ja.tg
c-E-OPEN C-E-CAST
GhFe:dat GlFe:t; GFy:ity =t
G I~ opene: [|e]/a]t Ghep>v:to
GFy:ty =t (Coercion Typing)
C-G-REFL C-G-SYM
Gkt GF v tl ~ t2
GEH{&):ta~t GFsymy:ty & t;
c-G-TRANS C-G-ARR
GhFyitp =t GF vyt & tg GFaypity =t) GF 2t ~th
GF 155792 0t = t3 G}—’yl—>’yglt1—)t2%t/1—>t/2
c-G-ExisTs c-G-ForaLL
Gyalkv:t; =ty Goabkv:t; =t
GF3day:3at; =Jats G FVa.y:Va.t; = Va.tg
c-G-ProJ c-G-ProJPACK
Ghn:ep ~es G I packty,easts : to
Gk |n]:le1] = |ez2] G I projpackti,easty : |packty,easts] & t1
C-G-INSTFORALL
Gk v :Va.t; ~Va.ty GhF ity =ty
GHF ’}/1@@’}/2 : [tg/a]tl ~ [t4/a]t2
C-G-INsTEXISTS C-G-F'sT
GEvy:Jaty =Jats GE ity ~ty GEyity = ta =t = t)
Gk ’)/1@@’}/2 : [tg/a]t1 ~ [t4/a]t2 Gk fSt’Y = tll

C-G-SND
Ghyity = taxt] 5t

GFsndy:ty ~t)

(Expression Coercion Typing)

c-H-COHERENCE C-H-STEP
Ghke:ty GhF ity =t Gre:t GFe:t GFe—¢

GhFe>y:exelbry G- stepe:e~¢
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(Operational Semantics)

c-s-ArrCoONG

c-s-BETA /
GFe — e

GF (Az:t.e1)es — [ea/z]e; GFejes — e ey
c-s-APPPULL c-s-TABsCoNG
v=Az:t. e ~v1 = sym (fst) Yo = sndy Gake—¢

GF@w>y)e— (vie>m)) >y GF Aa. e — Aa. €
c-s-TABsSPULL c-s-TBETA

GF Aa. (v ) — (Ada. v) > Vary Gt (Aa. v)t — [t/a]v
c-s-TAppCoNG c-s-TApPPPULL
GFe—¢ GFo:Va.tg

Gret—eé't GF >yt — vt (yQQ(t))
c-s-PackCona
GFe—¢

G I packty,easty — packty, e’ asto
c-s-OPENPACK

G I~ open (pack ty,vaste) — v > (t2)@QQ(sym (projpack t1, v astz))
C-5-OPENPACKCASTED

G+ open (pack ty, (v > ) asty) — (v > ) I> (t2)@QQ(sym (projpack t1, (v > y) asts))
c-s-OPENCONG
Gre:t Gre—¢

G opene — opene’ > (t)@QQ(sym |stepe])

¢c-s-OPENPULL c-s-CasTtCoONG
v = packty,vgas3 a.tg GFe—¢
G I open (v > y) — (openv) > yQQ|v > 7| Ghe>y—ép>y

c-S-CASTTRANS

GE @D y) >y —v> (713572)
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F The Elaborated Declarative System

This section presents a type-directed elaboration process from our declarative
type system to the type-safe core calculus, thus establish type soundness of the
declarative type system. Since the elaboration is mostly the same as Eisenberg
et al. [2], we keep the discussion brief. We refer interested readers to Eisenberg
et al. [2] for more details.

The type-directed elaboration rules presented below elaborate a source ex-
pression e to a core expression e. We write 0 =2 t to elaborate a source type o to
a core type t. We write I” =3 G for context elaboration that elaborates all types
in a context. Rule inserts an explicit pack for inferred existential types.

The subtyping judgment takes an input core expression e; and produces an
output e,. Rule recurses with e t, while rule adds
a type abstraction to the output expression. Rule recurses with
opene. Rule inserts an explicit pack.

universally quantified type o :=¢€|Va.o
existentially quantified type ¢ :=p | Jb.c
top-level monomorphic type p =7 |01 — 09

monomorphic type Ti=allnt|m =1l le]

expr e:=nlz|Xx.elees]|(e:0)

context I'=e|z:0|al|ll,..,I,

I'Fe=o=e (Inferenece)
E-I-INT E-I-VAR
FI I x:o€l’

I'Fn=Int=n I'Fr=0=2

E-1-ABS

Ir:thFe=o0=3¢ Iz:ThFe:o~ye=e
a fresh ¢ =1[a/lels)e T2t €3ty ¢ =t
' Ar.e= 71— Ja.e = A\v:ty. pack [t2],, e asTa.t),

E-I-ABSA
Iz:ookFe=o0=e Iz:oiFe:og~ye=e
a fresh e =1[a/le].)e ftv(o)) =9 o1 =t €= to € =t
I'FAz:oy. e = 0p — Ja.c = Az :ty. pack [ta],, e asTa.t)
E-I-APP
I'Fe=o=e I'kFe:og~o —oy=2€ I'kFeg<o=e;
I'kFeeg=>09=2¢ ¢
E-I-ANN
I'Feeso=e I'ko ftv(o) =9

I'k(e:o)=0=2e
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I'Fe<=o33e (Checking)
E-C-SUB E-C-ABS
I'Fe=o=e I'kFe:o<:p=¢ INr:ogkFe<soy =3¢ o1 =23t
I'Fe<=p=d I'FX.e<so 02 Az t. e
E-C-ABSA

Nz:ogkz:01<:0]3e;
Iz:ogkFesoy3e Faz:o ko ftv (o)) =92 o=t
I'bAr:ol.eso 503 Az t. e

E-C-EXISTS E-C-FORALL
I'te<[r/bleze TI't71 713t et NakFe<so=xze
I'-e <« Jb.c = packt,eas3 b.t/ I'e<Va.oc= Aa. e
|F Fel:o~ o0 — 092 ey (Instantiation)
E-INST-REFL E-INST-EXISTS
FI I'topene:[le]/ale ~ o1 — 00 = €
I'te:oy 2 09~0] —03=2¢e I'Fe:Jae~o —o9=3€

E-INST-FORALL
I'ket:[r/alo ~ o1 — 02 3¢ r'Fr T2t

I'Fe:Vao~o —oy=¢

I'kep:o~wye=3en | (Instantiation)
E-INSTF-REFL E-INSTF-FORALL
HI I'ket:[r/alo~wwyeze T'br 173t
I'Fe:iewye=ze I'Fe:Va.o~ye=c
T'kel:op <oy = ey (Subtyping)
E-s-INT E-S-VAR E-S-PRrOJ
I I a € dom (I') FI
I'kFe:Int<:Int=e I'Fe:a<:a=e ke :le] <i|e]=¢
E-S-ARR
Nz:olbz:0] <01 3e Nz:ojbee ioa<ioy=3€ ol =t

I'Fe:op o <io] = o3 Ar:t). ¢
E-s-ExIsTsL
I'kopene: [|e]/ale; <:ex =€

I'Fe:Jae <ieg 3¢

E-s-ExisTsR
I'ke:p<i|r/aleze T'kF7 13t et

I'kFe:p<:Ja.c= packt,e’asJa.t/
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E-s-FORALLL
I'ket:[r/alo<:e=ze T'k7 1734

I'Fe:Vao<:ieze
E-s-FORALLR
Iakle:op <iog=2¢

I'ke:oy <:Va.oy = Aa. €

(Type Elaboration)

E-T-FORALL E-T-EXISTS E-T-ARROW p
o=t ezt o=t Ty =3t E-T-PROJ
Va.oc = Va.t Ja.e =z Jat 01— 03 2t — ta le] = |e]
E-T-VAR E-T-INT
o= a Int = Int
I'=aG (Context Elaboration)
E E-CTX- VAR E-CTX-TVAR
E-CTX-EMPTY =G o=t =G

e e z:c=xGx:t I''a=G,a
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G Meta Theory of the Elaborated Declarative System

Lemma,/ Theorem Related Lemma/Theorem in EDWL
Theorem |G.1] (Elaboration Soundness)  |B.1

We prove that our elaboration preserves typing. Combined with type sound-
ness of the core calculus, this theorem implies that the source calculus is also
type sound.

Theorem G.1 (Elaboration Soundness). a) If I'+e =0 = e, then Gk e:
where I' = G and 0 = 1.

b) If'Fe«<=o=e, then GFe:t, where ' = G and o = t.

) IfI'te:o~o) —00=3¢ and Ghe:t, then GF ¢ : U, where ' = G,
oc=1t, and oy — o9 = 1.

d) IfI'te:0~ye=¢ and Ghe:t, then GFe' ', where ' = G, 0 = ¢,
and e = 1.

e) If'bel oy <:oo ey and GE ey :ty, then GF ey ty, where I' = G,
O'ljt] aTLdUQ:?,tQ.

Proof. By induction on the typing rule.

— Rule Apply rule

— Rule Apply the induction hypothesis.

— Rules [E-INST-REFL}, [ E-INSTF-REFL, [ E-S-INT}, [ E-S- VAR], and [ E-S-PROJ}
Holds by assumption.

— Rule [E-I=VAR}
I r:o0€el
I'Fe=>0=3z
Let 0 = t.
zio€l’ premise
r:teG context elaboration

Gkhaz:t Rule -
— Rule E-I=-ABst

INs:tFe=>o0=3e Iax:ThFe:o~ye=c

afresh € =[a/le|lse 7=t ety € 3
I'tXz.e= 17— 3a.e = Az :t1. pack [t2]., e asTa.t)

Let o= t[).

INez:tThFe=0=33e premise
Gz:tiFe:ty i.h.
Ir:The:o~wye=e premise
Gzt e ity i.h.
¢ =[a/|el.)e premise
ty = [a/[t2]]t2 type elaboration

G,z :ty e [|t2]./alth

defn. of t/
G,z :t1 F pack |t2],,easda.th : Fa.t) Rule [c-E-PAck
GF Az :ty. pack |to ., e’ asTa.th : t; — Ja.th Rule |c-E-ABS
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— Rule [ECI-ABSAL Similar to rule [E-I-ABS
— Rule [E-I-APPt

I'Fe=so=e I'bFe:o~o =0y =3¢ I'bFeyg <o =3¢
I'Fee =09 33€ e

Let 0 = t, 01 = t1, and 09 = to.

I'Fe=>o0=3e premise
Gle:t i.h.
I'Fe:io~o oy =€ premise
G"C/Zt1*>t2 i.h.
I'Fer<=o1 =26 premise
GF €1 : tl i.h.

GlFele:ty Rule
— Rule [E-C-SuBt

I'Fe=o0=3ec I'Fe:o<:pze

I're<sp=e
Let c =t and p = t/.
I'Fe=>o=3e premise
GFle:t i.h.
I'Fe:o<:p=e premise
GrRe :t/ i.h.
— Rule [E=c-ABst

Iz:o1Fe<soy,2e o1 3t

I'FXx.e<so1 —v09o=3 At e
Let02:§t2.
Iz:c1Fe<soy, e premise
Gre:t i.h.

GFX:t.e:t =t Rule-
— Rule E-C-ABSAL

Nz:ogkFr:op<:0) e
Iz:ogFe<oy3e ftv (o)) =2 o1 3t

I'FXz:ol.e<so 0= 1 t. e

Let () jt/.
INr:o1Fe<soy,=3e premise
Gle:t i.h.

GFXz:t.e:t =t Rule-
— Rule [E-=C-EXIsTS

I'Fe<s[r/bleze I'+r T=t et/
I'e <= 3b.e =3 packt,eas I b.t’

I'kFe<r/ble=ze premise
Ghle:[t/bt i.h.

G F packt,eas3b.t' : Fa.t/ Rule
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Rule [E-=C-FORALI}
lNakFeso=33e

I'Fe<Vao= Aa. e

Since Va.o = t, we must have t = Va.t’ such that o = t’ by rule
lakFe<so33e premise
Gake:t i.h.

Gk Aa. e:Va.t/ Rule
Rule [E-INST-EXISTSt

I'topene: [le|/ale ~ o1 — 09 = €

T'Fe:Jae~ o, =093 ¢€

Let e=tand o — 09 = t.

GlFe:Jat assumption
Gt opene: [|e]|/alt Rule
I'Fopene:[le]/ale ~ o1 = 09 = € premise
GrFe:t/ ih.
Rule [E-INST-FORALLE

Tt fv(r)Cdom (') I'ket:|r/alo~ o1 =0y =¢
I'Fe:Vao~o —o9=3¢€

Let c =2t/ and 09 — 09 =2 t”.

GFe:Vat assumption
GFet:[t/a]t/ Rule
I'ket:[r/alo~ oy — 0y =€ premise
GrFe " i.h.
Rule [ECINSTE-FORALI} Similar to rule [E-INST-FORALLL
Rule [E-S-ARR}

Nz:olbz:0]<i01Ze Nz:olbee 109 <oy =3¢ ol =t

I'kFe:op =09 <io] —oh =3 da:t). ¢

Let o= tl, 092 = tQ, O'i = tll, and (Té = tIQ

GhFe:it; = tg assumption
Gr:thFe:it; —to weakening
Gyz:t)Fa:t] Rule
Nz:olba:0) <01 =e; premise
G.,(I/'Ztlll_elltl i.h.
G,z:t) Feep:ts Rule
Iz:ojbee 09 <:oh =3¢ premise
Gyz:thFe ) ih.

GhAz:t). ¢ :t) >t Rule [c-E-ABg|
Rule [E-s-EXISTST}

I'opene:[|le|/ale; <:ex €
I'Fe:Jae <:ea 3¢
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Let € =t and €9 = to.

GlFe:daty assumption

Gt opene: [|e]/alty Rule

I'Fopene:[le]/aler <t ea e premise

GhEeé :to i.h.
- Rule ESEXEISR

I'te:p<i|r/ale=¢  fv(r) Cdom (I T3t et
I'ke:p<:Ja.ec = packt,e asTa.t/

Let p = t”.

Gre :t” assumption

I'kFe:p<ir/alez¢ premise

GFe:[t/a]t/ ih.

G F packt,e’asda.t’ : Ja.t’ Rule
— Rule [E-S-FORALLI}

I'tet:|r/alo<ie=e fv(r) Cdom ()

Tt

I'Fe:Vao<:ez e

Let e =t/ and 0 = t”.
GFe:Vat”
Glet:[t/at”
I'ket:[r/alo <:e=z e
Gkeée:t

— Rule [E=S-FORALLR}

IakFe:op <:op=2¢
I'be:op <:Va.oy = Aa. €

Let O'lz§t1 and 09 = to.
GFle:t

Gyake:ty
Fake:op <oy =e¢
G,ake :ty

Gt Aa. € :Va.ty

assumption
Rulefo-e- TAp
premise

i.h.

assumption
weakening
premise

i.h.

Rule [ TADY

O
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